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CONVEX MP 2 STRUCTURES AND CUBIC 
DIFFERENTIALS UNDER NECK SEPARATION 
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Abstract. Let S' be a closed oriented surface of genus at least 
two. Labourie and the author have independently used the theory 
of hyperbolic affine spheres to find a natural correspondence be¬ 
tween convex RP 2 structures on S and pairs (£,[/) consisting of 
a conformal structure £ on S and a holomorphic cubic differential 
U over £. The pairs (£, U ), for £ varying in moduli space, allow 
us to define natural holomorphic coordinates on the moduli space 
of convex RP 2 structures. We consider geometric limits of convex 
RP 2 structures on S in which the KP 2 structure degenerates only 
along a set of simple, non-intersecting, non-homotopic loops c. We 
classify the resulting KP 2 structures onS-c and call them regular 
convex RP 2 structures. We put a natural topology on the moduli 
space of all regular convex KP 2 structures on S and show that this 
space is naturally homeomorphic to the total space of the vector 
bundle over M g each of whose fibers over a noded Riemann surface 
is the space of regular cubic differentials. In other words, we can 
extend our holomorphic coordinates to bordify the moduli space 
of convex RP 2 structures along all neck pinches. The proof relies 
on previous techniques of the author, Benoist-Hulin, and Dumas- 
Wolf, as well as some details due to Wolpert of the geometry of 
hyperbolic metrics on conformal surfaces in M. g . 


1. Introduction 

A (properly) convex MP 2 surface is given as a quotient T\f2, where fl 
is a bounded convex domain in M 2 C MP 2 and T is a discrete subgroup 
of PGL(3, M) acting discretely and properly discontinuously on Q. We 
assume our convex MP 2 surfaces are oriented, and it is natural in this 
case to lift the action of PGL(3, M) to an action of SL(3, M) acting on 
the convex cone over in M 3 . Labourie and the author independently 
showed that a marked convex MP 2 structure on a closed oriented sur¬ 
face S of genus g at least two is equivalent to a pair (£, U), where £ 
is a marked conformal structure on S and U is a holomorphic cubic 
differential [3T) 35) Slj. This result relies on the geometry of hyper¬ 
bolic affine spheres, in particular on results of C.P. Wang [61] and deep 
geometric and analytic results of Cheng-Yau mm • This provides 
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a complex structure on the deformation space Qs of marked convex 
MP 2 structures on S. Moreover, we can mod out by the mapping class 
group to find that the moduli space IZs of unmarked oriented convex 
MP 2 structures is given by the total space of the bundle of holomor- 
phic cubic differentials over the moduli space Ai g . One may naturally 
extend the bundle of holomorphic cubic differentials to a (V-manifold) 
holomorphic vector bundle whose fiber is the space of regular cubic dif¬ 
ferentials over each noded Riemann surface £ in the boundary divisor 
in the Deligne-Mumford compactihcation Ai g . In [45], for each pair 
(£, U) of noded Riemann surface £ and regular cubic differential U 
over £, we construct a corresponding MP 2 structure on the nonsingular 
locus £ reg , and specify the geometry near each node by the residue of 
the cubic differential there. In this way, we may define a regular con¬ 
vex MP 2 structure on £. There is a standard topology on the space 
of regular cubic differentials, and we define a topology on the space of 
regular convex MP 2 structures under which geometric limits are con¬ 
tinuous and which is similar in spirit to Harvey’s use of the Chabauty 
topology to describe the Deligne-Mumford compactihcation [28] . Our 
main result is then 

Theorem 1. Let S be a closed oriented surface of genus g > 2. The 
total space of the bundle of regular cubic differentials over the mod¬ 
uli space of Ai g is homeomorphic to the moduli space 7Z^ S of regular 
convex MP 2 structures on S. 

In | T5] , we constructed regular convex MP 2 structures corresponding 
to regular cubic differentials over a noded Riemann surface, and gave 
some local analysis of the families of regular convex MP 2 structures in 
the limit. In passing from regular convex MP 2 structures to regular 
cubic differentials, Benoist-Hulin show that finite-volume convex MP 2 
structures correspond to regular cubic differentials of residue zero [5]. 
Quite recently, as this paper was being finalized, Xin Nie has classified 
all convex MP 2 structures corresponding to meromorphic cubic differen¬ 
tials on a Riemann surface [51]. In the present work, we only consider 
cubic differentials of pole order at most three (as these are the only 
ones which appear under neck separation), and the MP 2 geometry of 
each end is determined by the residue R, where U = + • • •. It 

should be interesting to determine how Nie’s higher-order poles relate 
to degenerating MP 2 structures. 

For poles of order 3, there are three cases to consider, as determined 
by the residue R. If R = 0, then the ends are parabolic, which is 
locally the same structure as a parabolic element of a Fuchsian group. 
If Ref? 7^ 0, then the holonomy of the end is hyperbolic, while if 
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R 7 ^ 0 but Re R = 0, the holonomy is quasi-hyperbolic. These two 
cases are not present in the theory of Fuchsian groups. In particular, 
the associated Blaschke metric is complete and asymptotically flat, 
and has finite diameter at these ends. The geometry of MP 2 surfaces 
contains both flat and hyperbolic geometry as limits. 

The proof of the main theorem involves several analytic and geomet¬ 
ric prior results. First of all, the principal new estimates in the proof 
are to find sub- and super-solutions to an equation of C.P. Wang [BTj 
which are uniform for convergent families (E j,Uj) of noded Riemann 
surfaces and regular cubic differentials. These will allow us to take 
limits along the families. A uniqueness result of Dumas-Wolf | 20 j then 
shows that the limits we find are the ones predicted in [J5]J. To ana¬ 
lyze limits of regular MP 2 structures, we use a powerful technique of 
Benoist-Hulin, which shows that natural projectively-invariant tensors 
on convex domains converge in C™ c when the domains converge in the 
Hausdorff topology [5|. We also use many details about the structure 
of the Deligne-Mumford compactification A4 g , and in particular, the 
analytic framework due to Masur and refined by Wolpert to relate the 
hyperbolic metric and with the plumbing construction near the singular 
curves in dM. g . 


1.1. MP 2 structures and higher Teichmuller theory. Goldman 
m and Hitchin [29] prove that the Teichmiiller space of conformal 
structures on a closed oriented marked surface S of genus at least 2 is 
homeomorphic to a connected component of the space of representa¬ 
tions ttiS —> PSL(2,M) modulo conjugation in PSL(2,R). Consider 
representations of 7 Ti S to higher-order Lie groups is then known as 
higher Teichmuller theory. Choi-Goldman mi show that the deforma¬ 
tion space Qg of convex MP 2 structures on S is homeomorphic to the 
Hitchin component of representations ttiS — > PSL(3,P) j[3U]- Gold¬ 
man provided in [23] the analog of Fenchel-Nielsen coordinates on Qg. 
Fenchel-Nielsen coordinates play an important role in analyzing Ai g 
going back to Bers [ 8 ] and Abikoff [T]. In particular, Wolf-Wolpert [52] 
determine the real-analytic relationship between the between complex- 
analytic coordinates on M. g as given by Masur [ 32 ] and the Fenchel- 
Nielsen coordinates. In our present work, we have related the complex- 
analytic data of regular cubic differentials to the projective geometry 
of the convex MP 2 structures, but we have not addressed Goldman’s 
Fenchel-Nielsen coordinates. It should be possible to do so, as Mar¬ 
quis has already extended Goldman’s coordinates to pairs of pants with 
non-hyperbolic holonomy [ 47] , 
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There have also been many other works on limits of convex RP 2 struc¬ 
tures. Anne Parreau has analyzed limits of group representations into 
Lie groups in terms of group actions on R-buildings [53J (55J. Parreau 
thus provides an analog of Thurston’s boundary of Teichmullcr space. 
Inkang Kim [32] applies Parreau’s theory to construct a compactih- 
cation of the deformation space of convex MP 2 structure Qs- Limits 
of cubic differentials were related to Parreau’s picture in [ 32 ] and re¬ 
cently in [ 50 ] • Dumas-Wolf have recently studied polynomial cubic 
differentials on C [20], and they show that the space of polynomial 
cubic differentials up to holomorphic equivalence is isomorphic via the 
affine sphere construction to the space of bounded convex polygons in 
R 2 C MP 2 up to to projective equivalence. Their construction has been 
used by Nie |5Tj to analyze the MP 2 geometry related to higher-order 
poles of cubic differentials, and should be useful in other contexts as 
well. Benoist-Hulin have also studied cubic differentials on the Poincare 
disk, and have shown that the Hilbert metric on a convex domain is 
Gromov-hyperbolic if and only if it arises from a cubic differential on 
the Poincare disk with bounded norm with respect to the Poincare 
metric [6]. 

Tengren Zhang has considered degenerating families of convex MP 2 
structures with natural constraints on Goldman’s parameters [68] • Lu- 
dovic Marquis has studied convex MP 2 structures and their ends from 
a different point of view from this paper [471 RES] . Recently Choi has 
analyzed ends of RP n orbifolds in any dimension m 1153 - 

Fix a conformal structure E on a closed oriented surface of S of genus 
at least two. Let G be a split real simple Lie group with trivial center 
and rank r. Hitchin uses Higgs bundles to parametrize the Hitchin 
component of the representation space from HiS to G by the set of r 
holomorphic differentials, which always includes a quadratic differential 
[30] . For PSL(3,R), Hitchin specifies a quadratic and a cubic differ¬ 
ential. If the quadratic differential vanishes in this case, then Labourie 
has shown that we can parametrize the Hitchin component by the affine 
sphere construction (E, U ) for U Hitchin’s cubic differential (up to a 
constant factor) [35]. Labourie has also recently shown that Hitchin 
representations for other split real Lie groups of rank 2 (PSp(4, R) and 
split real G 2 ) can be parametrized by pairs (E, V), where E varies in 
Teichmuller space and V is a holomorphic differential of an appropriate 
order [36] . It would be very interesting to analyze these Hitchin rep¬ 
resentations similarly as E approaches a noded Riemann surface and 
V is a regular differential. The relationship between the Higgs bundles 
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and the relevant geometric structures is not as well developed in this 
case. See [sing. 

1.2. Outline. Section [2] begins by defining the topological space of 
regular convex RP 2 structures. First of all, we recount Goldman’s the¬ 
ory of building convex KIP 2 surfaces by gluing together simpler surfaces 
along principal geodesic boundary components. Then we prove a few 
general topology lemmas about spaces of orbits of homeomorphisms 
under the quotient topology. These lemmas are used to show that the 
topology of regular convex KP 2 structures is first countable, and thus 
can be described in terms of convergent sequences. Then we define 
regular separated necks and show in Theorem [3] that these regular sep¬ 
arated necks encompass all geometric limits of convex KP 2 structures 
on S which degenerate to convex RP 2 structures on S — for £ a sim¬ 
ple non-peripheral loop in S. Next, we define the augmented Goldman 
space of marked regular convex RP 2 structures on S, which, similarly 
to augmented Teichmiiller space, is a non-locally-compact bordihca- 
tion of the Goldman space (the deformation space of marked convex 
RP 2 structures). The definition is based on pairs (0,T) and encodes 
both the Hausdorff limits of convex domains of Qj and also the conver¬ 
gence of representations T j of subgroups of the fundamental group, all 
modulo a natural action of SL(3,R). Then we take a quotient by the 
mapping class group to define the augmented moduli space of convex 
RP 2 structures 1Z^ S . 

In the final part of Section [21 we recall the plumbing construction for 
neighborhoods of noded Ricmann surfaces in the boundary of moduli 
space, largely following Wolpert, and its relation to the complete hy¬ 
perbolic metric on the regular part of each surface. We then use these 
constructions to construct the standard topology on the total space of 
the bundle of regular cubic differentials over M. g . Roughly, we define 
a metric m on each noded Riemann surface E which is equal to the 
hyperbolic metric on the thick part of E and a flat cylindrical metric 
on the collar and cusp neighborhoods making up the thin part of E reg . 
Then convergence of a sequence (E j,Uj) is defined as convergence of 
E* in A i g , together with loc convergence of the cubic differentials 

U r 

In the next section, we discuss the basics of hyperbolic affine spheres 
mm- Let "H be a hyperbolic affine sphere, which is a surface in R 3 
asymptotic to a cone over a bounded convex domain hi. "H is diffeo- 
morphic to hi under projection to RP 2 , and any projective action on 
hi lift to a special linear action on "H. Two basic invariant tensors, the 
Blaschke metric and the cubic tensor, thus descend to hi. The Blaschke 


CONVEX RP 2 STRUCTURES UNDER NECK SEPARATION 


6 


metric induces an invariant conformal structure on fl, and thus on the 
quotient T\fh The cubic tensor induces a holomorphic cubic differen¬ 
tial U. 

Starting from a pair (E, U), we can recover the picture of (hi, T) by 
introducing a background metric g and solving Wang’s integrability 
condition (U9l) for a conformal factor e u . Then e u g is the Blaschke 
metric, and if it is complete, we recover the global hyperbolic affine 
sphere "H and (0,T). 

The hyperbolic affine sphere over can be defined as the radial 
graph of — ^ for v a convex solution to the Monge-Ampere equation 



with zero Dirichlet boundary condition at dfl. We recall and give 
a new proof of Benoist-Hulin’s result that the Blaschke metrics and 
cubic tensors converge in C^ c on convex domains converging in the 
Hausdorff sense [5]. We also prove a new result, Proposition HH con¬ 
cerning sequences of pairs of points Xj , y 3 G ttj, and show that if the 
Blaschke distance between Xj and y.j diverges to infinity, then any 
Benzecri limits of the pointed space pj(flj,Xj) and crj(Qj,yj ) for se¬ 
quences Pj,CTj G SL(3,R), must be disjoint (in a sense made precise 
below). 

We also discuss the two-dimensional case, due to Wang [6T], and 
recall how to solve an initial-value problem to produce a hyperbolic 
affine sphere "H from the data (E, U, h ), where h is a complete Blaschke 
metric. 

Finally, we begin the proof of Theorem [T| in Section [fj In this sec¬ 
tion, we show that a convergent regular sequence (Ej, Uj) — * (Eqo, Uoo) 
of pairs of noded Riemann surfaces and regular cubic differentials pro¬ 
duces regular convex MP 2 structures which converge in the limit to the 
convex HP 2 structure corresponding to (S^jf/oo). The proof follows 
by the method of sub- and super-solutions. We produced a locally 
bounded family of sub- and super-solutions to (fl9l) uniform over the 
regular parts of E‘ cg . This allows us to solve the equation (f]Uj) and 
to take the limit of Blaschke metrics as j —» oo. A uniqueness theo¬ 
rem of Dumas-Wolf [2D] shows that this limit is the Blaschke metric on 
(E^f, Uoo). We then use techniques of ordinary differential equations 
to show the holonomy and developing maps converge. 

In the final Section [5] we prove the remaining part of the main theo¬ 
rem, by showing that we can pass from convergent sequences of regular 
convex HP 2 structures to convergent sequences of regular cubic dif¬ 
ferentials over noded Riemann surfaces. The proof depends on the 
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thick-thin decomposition of hyperbolic surfaces. In particular, we use 
Proposition fill and lower bounds on the Blaschke metric in terms of the 
hyperbolic metric, to rule out Benzecri sequences in which the point 
approaches the thin part in moduli. Conversely, if we have points con¬ 
verging in the same component of the thick part of moduli, we use the 
uniform bounds on the diameter and the ODE theory from Section [4] 
to show the limit of the domains must be the same up to an SL(3,R) 
action. 

1.3. Acknowledgments. I am grateful to acknowledge stimulating 
conversations with Zeno Huang, Jane Gilman, Sara Maloni, and Bill 
Abikoff, and would like to give special thanks to Mike Wolf and David 
Dumas for many illuminating discussions, and to Scott Wolpert for 
many interesting discussions related to this work. This work was 
supported in part by a Simons Collaboration Grant for Mathemati¬ 
cians 210124; U.S. National Science Foundation grants DMS 1107452, 
1107263, 1107367 “RNMS: GEometric structures And Representation 
varieties” (the GEAR Network); and the IMS in at the National Uni¬ 
versity of Singapore, where part of this work was completed. 

2. Definitions and topology 

2.1. Goldman’s attaching across a neck. We recount some of the 
basic facts about RP” manifolds. An RP” manifold is a defined by 
a maximal atlas of coordinate charts in RP” with gluing maps in 
PGL(n+l, R); in other words, there is an (A, G ) structure in the sense 
of Thurston and Ehresmann for X = RP” and G = PGL(n + 1, R). A 
geodesic in an RP” manifold is a path which is a straight line segment 
in each RP” coordinate chart. 

See e.g. Goldman [5B] for details. An RP” structure on an n-manifold 
M can be described in terms of the development-holonomy pair. Choose 
a basepoint p G M. The developing map is a local diffeomorphism from 
dev: M —» RP”, while the holonomy hoi: 77 M —> PGL(n + 1 ,R). Dev 
and hoi are related by the following equivariance condition: if 7 G 7 TiM, 
then 

dev 07 = 1101 ( 7 ) 0 dev. 

The developing map is defined in terms of a choice of RP” coordinate 
chart around p G M. First lift this chart to a neighborhood in M, 
and then analytically continue to define dev on all of M. For any 
other choice of coordinate chart and/or basepoint, there is a map g G 
PGL(n + 1, R) so that 

dev' = dev o g , hoi'( 7 ) = g -1 o hol( 7 ) o g. 
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An RP” manifold X is called convex if the image of the developing 
map is a convex domain in an inhomogeneous R n C RP”, and A" is a 
quotient hol(7r 1 X)\fL A" is properly convex if is in addition bounded 
in an inhomogeneous R” C RP”. All the manifolds we study in this 
paper are properly convex, and we often simply call them convex. 

On any closed oriented convex RP 2 surface of genus at least 2, the 
RP 2 holonomy around any nontrivial simple loop is hyperbolic, in that 
it is conjugate to a diagonal matrix D(X,p,v), where A > /i > v > 0 
and Xpv = 1. Choose coordinates in RP 2 so that this holonomy action 
is given by H = D(X, p, v). The three fixed points of this action are 
the attracting fixed point [ 1 , 0 , 0 ], the repelling fixed point [ 0 , 0 , 1 ], and 
the saddle fixed point [0,1,0]. Define the principal triangle T as the 
projection onto RP 2 of the first octant in R 3 . The principal geodesic £ 
associated to this holonomy matrix is the straight line in the boundary 
of T from the repelling to the attracting fixed point. Let T denote the 
triangle given by the reflection of T across the principal geodesic given 
by the matrix J = D( 1, —1,1). The vertices of the principal triangle 
are the fixed points of the holonomy matrix. The quotient T /( H) is 
called the principal half-annulus, while the quotient of (TU£UT)/(H) 
is called the n-annulus. 

We recall Goldman’s theory of attaching RP 2 surfaces across a prin¬ 
cipal geodesic. On a compact properly convex RP 2 surface S a with 
principal geodesic boundary, an annular neighborhood of a principal ge¬ 
odesic boundary component £ is called a principal collar neighborhood. 
We may choose coordinates so that a lift £ of £ is the standard princi¬ 
pal geodesic mentioned above. Assume the image O a of the developing 
map is then a subset of the principal triangle T. The principal collar 
neighborhood then develops to be a neighborhood J\f of £ in T which 
is invariant under the action of the holonomy matrix H = D(X, p, v). 
Let 7 £ 7i\S a represent the loop £. Then the quotient Af a = (H)\Af is 
the principal collar neighborhood. 

Now consider a second convex RP 2 surface S b with principal geo¬ 
desic boundary, together with a principal geodesic boundary compo¬ 
nent. Choose local RP 2 coordinates so that the lift of this geodesic 
boundary loop is — £ (the minus sign denoting the opposite orienta¬ 
tion), and the image Q b of the developing map of S b is contained in 
T. If the holonomy around — £ is H~ l , then H acts on D a U £ U Q b . 
(In order to glue the surfaces along £, we need to glue across all the 
lifts of £, which we may describe as hol(/3) o £ for (3 in the coset space 
717 (A”)/(y), where 7 is the element in 717 determined by the loop £.) 
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Theorem 2 (Goldman). Let M be a properly coiivexWP 2 surface with 
principal geodesic boundary. (In particular, we assume the boundary is 
compact and each component of the boundary is the quotient of a prin¬ 
cipal geodesic under a holonomy action of hyperbolic type). M is not 
assumed to be either connected or compact. Let B\,B 2 be two bound¬ 
ary components, and assume that they have principal collar neighbor¬ 
hoods N\ , N 2 respectively which are projectively isomorphic under an 
orientation-reversing map across the boundary. This induces a projec¬ 
tive structure on a full neighborhood of the geodesic formed from gluing 
B\ and B 2 . The resulting MP 2 surface M is also convex. Moreover, M 
is properly convex except in the case of gluing two principal half-annuli 
together to make a tt- annulus. 

Remark. Goldman states this theorem (Theorem 3.7 in [25]) a bit dif¬ 
ferently, in that the hypothesis is that M is compact as an MP 2 surface 
with boundary. However, the compactness condition is not used in 
Goldman’s proof. What is used is the condition of being properly con¬ 
vex. The image of the developing map of a properly convex M with 
a hyperbolic holonomy along the principal boundary geodesic must be 
properly contained in a principal triangle. Proper convexity is essen¬ 
tial for us, as the 7r-annulus, which has principal boundary geodesics 
and is convex but not properly convex, cannot be glued to another 
MP 2 surface while maintaining convexity. In fact, Choi [TSj, TT] has 
cut non-convex closed MP 2 surfaces along principal geodesics into a 
union of properly convex pieces and 7 r-annuli. Choi-Goldman use this 
construction to classify all closed MP 2 surfaces [ 18] . 

Remark. To stay within the category of properly convex KP 2 surfaces, 
we should avoid principal half-annuli. This is not a serious restriction 
on us, as principal half-annuli are prime in the sense that they cannot 
be formed by gluing together two smaller properly convex KP 2 surfaces 
along a principal geodesic boundary. Moreover, all the surfaces we 
consider have negative Euler characteristic. 

Corollary 1. Let M be a properly convex MP 2 surface with princi¬ 
pal geodesic boundary. Assume the hyperbolic holonomies along two 
boundary components Bi, B 2 are, up to conjugation, inverses of each 
other. Then we may glue Bi to B 2 as above to make the MP 2 surface 
M properly convex. 

Proof. Choose local MP 2 coordinates near B \, B 2 so that there is a lift 
of each to the standard principal geodesic I, so that the neighborhoods 
of Bi, B 2 are respectively on opposite sides of the I, and so that the 
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holonomies around - 81,-82 are diagonal. Since they are both in canon¬ 
ical form, they must actually be inverses of each other, say H and 
H _1 . Now for a point p in T close enough to the interior of £, we may 
form a neighborhood of l by moving p by the one-parameter group H t 
corresponding to the holonomy. The region between { H t p } and £ is 
then a principal collar neighborhood J\f a . But now we can do the same 
thing on the other side of £ to find a principal collar neighborhood Af b . 
Since their holonomies are inverses of each other, we see that, after 
possibly shrinking the collar neighborhoods, Af a = JAf b with the holo¬ 
nomy equivariant under the action of J. This means that J descends 
to the quotient, and the hypotheses in Theorem [2] are satisfied. Note 
J commutes with the holonomy matrix. □ 

Goldman’s construction in Theorem [2] involves a choice of a orientation- 
reversing projective map J to glue the collar neighborhoods across 
the principal geodesic boundary components. If standard coordinates 
are chosen on M 3 as above, then we may choose J = 8(1,—1,1). 
Note J commutes with the holonomy H. But there are other possible 
choices determined by generalized twist parameters cr, r. For M ar = 
D(e~ a ~ T ,e 2r ,e a ~ T ), consider the projective involution J aT = M aT J, 
which still commutes with H. r is called the twist parameter, as it cor¬ 
responds to the usual twist parameter on a hyperbolic surface. We call 
a the bulge parameter. (In [35j, these are called the horizontal and ver¬ 
tical twist parameters respectively.) Our choice of J is not canonical, 
as it depends on a choice of coordinates; the twist and bulge parame¬ 
ters then are relative to this choice of J. The results and proofs in this 
paper do not depend on the choice of J , as we are primarily interested 
in the cases when the bulge parameters go to ± 00 . 

On a neck with hyperbolic holonomy, with coordinates on M 3 so that 
the holonomy is given by the diagonal matrix H = D(\,p,v) with 
A > p > v > 0 and \pv = 1. A Dehn twist is a generalized twist 
which corresponds exactly to the holonomy along the geodesic loop. 
The Dehn twist is transverse to the family of bulge parameters, but is 
not typically strictly a twist parameter as defined above. 

2.2. General topology of orbit spaces. 

Lemma 2. Let X be a first countable topological space, and let $ be a 
set of homeomorphisms acting on X. Then the quotient space <3>\A" is 
first countable with respect to the quotient topology. 

Proof. Let x G X and denote the projection to the quotient by /. 
Since X is first countable, we may choose V) a countable collection 
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of neighborhoods of x for which any open set U containing x satisfies 
U D Vi for some i. 

Let O be an open neighborhood of f{x) in the quotient space. The 
inverse image / _1 (0) is open in X, and so there is a V t so that f~ 1 (0) D 
Vi. Now we claim that /(V*) is open and that O D fiVi). The openness 
of /(Vi) is equivalent to the openness of / _1 (/(Vi)), which is the union 
of orbits TV* = U®g$ The openness of / -1 (Vi) follows since each 
0 is a homeomorphism. Finally, O D f(Vi) is equivalent to f~ l {0) D 
)) = TV/ This follows since f~\0) = <Yf~\0) D TV/ 
Thus the open sets f(Vi) are the required open neighborhoods around 

f{x). □ 

Lemma 3. Let X be a first countable topological space, and let & be a 
set of homeomorphisms acting on X, and let f be the projection to the 
quotient space. Then yi —» y in <F\A" if and only if there is a sequence 
xt —>■ x in X with y, = ffixf) and y = f(x). 

Proof. Let y % —* y in $\X. Let x G f~ l {y). Let V n be a neighborhood 
basis for x G X. The proof of the previous lemma implies that f(V n ) 
is a neighborhood basis for y G Q\X. Then y t y implies that for all 
n, there is an / so that if i > I, then y, G f(V n ). This is equivalent 
to f~ l {]Ji) C /~ 1 (/( V n )) = $(14), which in turn means that for all 
X, G y.i there is a (pi G $ so that x, G V n . In turn, fi^Xi G V4 and so 
4>f l Xi —> x in X. □ 

2.3. Markings on convex MP 2 surfaces. In this subsection, we con¬ 
sider a connected oriented surface S which admits a complete hyper¬ 
bolic metric. A marked convex RP 2 structure on S is given by the 
quotient {(0, T)}/ ~, where Q is a properly convex domain in RP 2 
and, for a basepoint Xo G S, 

T: nfiS,x 0 ) ->• SL(3,R) 

is a discrete embedding which acts on so that T\fl is diffeomorphic 
to S. The equivalence relation ~ is given by (f2, T) ~ (ALl, AYA~ l ) 
for A G SL(3,R). Note that is the image of a developing map 
for this RP 2 structure on S, and T is the corresponding holonomy 
representation. 

Lemma 4. A change of the basepoint does not change the marked 
convex RP 2 structure {(f2,T)}/ ~. 

Proof. If xq,x G S, then each homotopy class of paths from xo to x 
induces an isomorphism of xf) and ni(S,x). If P is a path from 
x 0 to x, consider a lift of x 0 to and consider the developing map 
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along a lift of P. In this case, the image 0 of the developing map 
O is unchanged, and the induced isomorphism along P identifies r xo 
and r XtP . The images of T xo and T^p are still the same, and thus the 
quotient T\h 2 is unchanged. 

Our definition is potentially ambiguous if we consider two non-homotopic 
paths P and Q from xo to x. In this case, T X) p and T Xi q are related by 
conjugating by the element r x (P _1 • Q) e SL(3,R). Since r x (P _1 • Q) 
acts on fl, (O, T X) p) ~ (Q, V XtQ ). □ 

Define the Goldman space of S by Qs — {(D,r)}/ ~ with the fol¬ 
lowing topology. For convex domains in RP 2 , consider the Hausdorff 
distance with respect to the Fubini-Study metric in RP 2 . For the rep¬ 
resentation T, use the product topology of one copy of SL(3,R) for 
each element of T( 7 ) for 7 e xo) (note we consider only surfaces 
of finite type, for which xq) is finitely generated). Since T is 
countable, this topology is first countable. Now the equivalence rela¬ 
tion ~ represents the orbits of a group action of SL(3,R), which acts 
by homeomorphisms on the space of all (D,r). Then Lemma [2] shows 
the quotient topology on Q s is also first countable. 

In the case that S' is a closed surface of genus g > 2, we may de¬ 
fine Goldman space Q g = Qs- This deformation space is the analog 
of Teichmiiller space for convex MP 2 structures on S. Goldman [ 25] 
proved that Q g is homeomorphic to M 1 ® 9-16 . For augmented Goldman 
space, which we define below, we will need the case of noncompact S 
as described above. 

It will be useful for us to allow the case in which S = LJ" =1 Sj has 
finitely many connected components. In this case, define Qs as the 
product of the Qs { with the product topology. 

Remark. The topology we consider is related to the Chabauty topol¬ 
ogy consider by Harvey [28]. See also Wolpert [65j. Harvey’s work 
is concerned solely with limits of Fuchsian groups under the Chabauty 
topology. In particular, the image of the developing map for a Fuchsian 
group is always the hyperbolic plane, while our analogous domains Qj 
can and do vary. Moreover, for noncompact convex RP 2 surfaces which 
natural appear as limits in our case (regular convex RP 2 surfaces), the 
holonomy representations Tj do not determine the geometry. Distinct 
pairs of convex RP 2 surfaces with a isomorphic holonomy naturally 
arise: consider a surface with an end, put hyperbolic holonomy on the 
end, and vary the bulge parameter from —00 to + 00 . (For compact 
convex RP 2 surfaces, a rigidity theorem for the holonomy spectrum 
holds [T9, 3T], [33].) Our definition is in a sense a little less general than 
Harvey’s, as we specify the loops along which the degeneration occurs. 
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Our topology is also analogous to the geometric topology on hy¬ 
perbolic manifolds (see e.g. 0), in which sequences of pairs of points 
whose hyperbolic distance diverges to infinity cannot reside in the same 
geometric limit space. Although our definitions are phrased differently, 
we do see below in Proposition [TT] that a similar property holds with 
respect to the projectively-invariant Blaschke metrics on fb 

2.4. Separated necks and the pulling map. Let S' be a connected 
oriented surface of finite hyperbolic type. Define C(S) to be the set 
whose elements consist of sets of free homotopy classes of simple loops 
on S so that each loop is nonperipheral and no two loops intersect 
(C(S) may be identified with the set of simplices of the complex of 
curves on S). Let c G C(S). Denote the connected components of 
S — c by Si,..., S n . Note that each surface S* admits a finite-area 
hyperbolic metric. (In the notation below, we will not be careful to 
distinguish between c G C(S ) as a collection of nonintersecting loops 
in S as opposed to a collection of homotopy classes.) 

If c G C(S), we define the pulling map 

Pull c : Gs Qs-c 

as follows. Let S — c = U” =1 Sj. Then for X G Gs , take a representa¬ 
tive (D,T) in the equivalence relation for X. Then represent Pull c (X) 
by the ordered n-tuple with z th element represented by (O, T*), where 
P = r| s . is a sub-representation of T corresponding to 7ri(S;,ar) for a 
basepoint 27. (Recall Lemma ® shows the marked convex MP 2 struc¬ 
ture is unchanged if the choice of basepoint changes.) To be precise, 
for the subsurface S) C S, the fundamental group of Si is naturally 
a conjugacy class of subgroups of 7r 1 (S, x i ). We choose P to be the 
composition of the injection 717(5), 27) —> tti(S,x o) with P The ele¬ 
ment of Qs is independent of the conjugacy class though: Let r] = r(y) 
for 7 G 717(5,27), and consider (D, P) ~ 7/(D,P) = Thus 

choosing a particular sub-representation in the conjugacy class to iden¬ 
tify as F l is harmless. 

Note for each MP 2 surface X^ = T*\D, the developing map still 
has image equal to all of Q, while the group of deck transformations 
r^Si) is smaller than r(7TiS'). In terms of Goldman’s attaching map, 
the domain attached across the principal geodesic still remains attached 
under the pulling map. This map is called pulling in part because it not 
simply cutting along the principal geodesic. Instead, one can imagine 
a viscous liquid being pulled apart, and the material on either side of 
the principal geodesic remains attached to the other side after the neck 
is pulled. 
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Now consider a collection {Si, ea,..., e tJi }, where each Si is an ori¬ 
ented surface with genus g t and jj ends with 2g t + ji > 3 (so that Si 
admits a complete hyperbolic metric). Assume the number of ends is 
even, and partition the set of ends {en,..., e n j n } into pairs. We will 
study the situations in which these pairs of ends are in the closure of 
the image of the pulling map. A pairs of ends in {e VJ , e m} is said to be 
a trivial separated neck if it is (locally) isomorphic as an RP 2 surface 
to a neck which is the image of the pulling map across a loop i. A pair 
of ends forms a regular separated neck if it is one of these three cases: 

• The holonomy around each end is parabolic. 

• The holonomy around each end is quasi-hyperbolic, and the 
oriented holonomies around each end are, up to conjugation in 
SL(3, R), inverses of each other. 

• The holonomy around each end is hyperbolic; the oriented holonomies 
around each end are, up to conjugation, inverses of each other; 

and the RP 2 structure about one of the two ends has bulge 
parameter +oo, while the other end has bulge parameter — oo. 

A simple end of a convex RP 2 surface is regular if it forms half of a 
regular separated neck. 

Theorem 3. Let S be a compact surface, and let c G C(S). Then 
under the topology defined above, the closure of the image Pull c ((/s) 
consists of convex RP 2 structures for which the neck across each loop 
in c is either a regular or a trivial separated neck. 

Proof. Since S is compact, the holonomy around each loop i G c is 
hyperbolic. 

Recall that a hyperbolic element in SL(3,R) has three distinct pos¬ 
itive eigenvalues. Any nonhyperbolic limit A of such holonomies must 
still have all positive eigenvalues. Moreover, it must have maximal 
Jordan blocks (the other cases are ruled out by Choi [hij and the au¬ 
thor [35]; see also ISU). These nonhyperbolic limits are exactly the 
quasi-hyperbolic and parabolic cases, which are regular. For the quasi- 
hyperbolic case, the inverse property follows from the fact that the ho¬ 
lonomy around the two ends of a neck are inverses of each other (since 
these loops are freely homotopic in S with opposite orientations). 

Now we consider the cases of hyperbolic limits, and show that any 
limits which are not trivial must have infinite bulge parameter. In 
order to do this, consider a sequence X, G Qs- 

There are two cases to consider. First of all, assume that S — £ = S'iU 
S *2 is disconnected. Then the hypothesis shows that there are sequences 
(ft*,r fc ) and p k ,a k G SL(3,R) so that p fc (hh,, r fc | 5l ) —>■ (O, H) and 
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cr k (Q k , r k \s 2 ) — > (U, G ). The quotient H\0 gives the MP 2 structure on 
Si, while G\U gives the structure on S 2 . Now pick a based loop £0 in S 
which is freely homotopic to £, and let 7 k be the corresponding element 
Tfc(£o)- Assume £ is oriented in the same direction as the boundary of 
Si. This implies £ is oriented in the opposite direction to the boundary 
of S 2 . Let 7 o and 7 u be the limits of p k ^ k p k l and 1 respectively. 

We may choose coordinates (and modify p k and 07) so that the limiting 
hyperbolic holonomies around £ satisfy 

7o = D(X,p,v), lu = lo 1 i A > p > v > 0, 

where D represents the diagonal matrix. In other words, for 70, the 
principal geodesic is the line segment from [1, 0, 0] to [0, 0,1] with non¬ 
negative entries. Denote this principal geodesic by £. 

We also can make a further normalization to assume that 

(1) VklkVk 1 = PklkPk 1 = D{\ k , p k , v k ). 

Proof: The eigenvalues A k ,p k ,v k of cr^oy 1 approach A ,p,v. For 
k large enough, X k ,p k ,v k are uniformly bounded, positive and sepa¬ 
rated from each other. We may choose a matrix cj) k of eigenvectors 
of cr k ^/ k a k 1 which approaches the identity matrix as k —* 00 (for ex¬ 
ample, we may choose eigenvectors of unit length; note the identity 
matrix is a matrix of unit eigenvectors of the limit 7 o of 0777cr^T 1 ). 
Then ( 1 j k Q k ,a k T k a ->■ (0,11) if and only if ^(oyQfc, crfcTfcOy 1 ) ->• 
(0,H). Note our construction implies 

4> k 1( Tfc7fc cr fc Vfc — D( Afc, p k , v k ). 

Thus we may replace a k by <f) k cr k , and we may assume (jT]) . 

Now Equation (pQ) implies the diagonal matrix D(X k , p k ,u k ) com¬ 
mutes with a k p k l , and so cr k p k l is diagonal as well. Define a k = o k p~^. 
Thus we write a k = D(X t k , p^, v£) ■ D(e~ Sk , e 2sk , e~ Sk ) as a prod¬ 
uct of holonomy and bulge matrices. Since the neck is being sep¬ 
arated, Dehn twists do not affect the geometry of S — £. Now if 
oik = &kp k l has a subsequential finite limit a modulo Dehn twists, 
we have O = limj_ > . 00 a kj p kj (Q kj ) = aU. Moreover, if we let a k be the 
matrix given by the product of a k by an integral power of a Dehn twist 
so that 

a, = 

for 4 6 [0,1), then o kj T k] op = a kj p k T k ,ppap converges to a limit 
L. Then we apply Goldman’s Theorem [2] above to show the neck is 
trivial. Thus we may assume the s k converge to ±00. 

(Here is how to apply Theorem [2] to the present situation. Consider 
Si as the convex MP 2 surface homeomorphic to Si formed by cutting 
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along the principal geodesic at the end t. This can be constructed 
by letting O be the convex domain formed by cutting along hi for 
all h G H(ttiSi). Then Si is the quotient H\0. We can similarly 
form S 2 with image U of the developing map. Then since a~ l U = 
aO, the domains O and or l lA are disjoint subsets of O with common 
boundary segment t. Since the group actions also match up on all of 
O, there are principal collar neighborhoods in O and a _1 W which are 
invariant under holonomy along i and are projectively equivalent via 
the principal reflection across t. Thus Theorem [2] applies, and we may 
glue Si and S 2 together via this identification to form a convex HP 2 
surface. This surface must be identical to the quotient L\0 by analytic 
continuation, and therefore uniqueness, of the developing map.) 

Assume without loss of generality that Sk —>■ +oo. To show the bulge 
parameter must be infinite in the limit, we recall the principal triangles 
with principal geodesic i. Let T be the open triangle in HP 2 given by 
the projection of the first octant in M 3 , and let T be the reflection of 
T across the principal geodesic. Since the surface S is separated along 
this principal geodesic, we may assume that the universal covers O and 
U of and S 2 respectively are in part on opposite sides of £. Without 
loss of generality, assume that O D T ^ 0 and U D T j - 0. 

Let q fl T. Then for large k, q G Pk^k and so oyg G This 

shows that the limit of otkq is in the closure of O. But since we know 
a*, has bulge parameter Sk going to +oo, akq —>■ [0,1, 0] from within T. 
Since the principal geodesic l C O, we see by convexity that T C O, 
and thus that the bulge parameter of this end of Si is +oo. 

On the other hand, the same argument shows that if there is a pG 
U 0 T, then T C O. This is impossible, as then O D T U i U T, 
which contains the coordinate line with infinite point [0,1,0]. This 
contradicts the proper convexity of O. Thus IA fl T = 0, which means 
the bulge parameter of this end of S 2 is — oo. The limit then satisfies 
the condition for a separated neck with hyperbolic holonomy to be 
regular. 

For the second case, assume S — £ = S\ is connected. In this case, we 
have a sequence of marked KP 2 structures (flk^k) and distinguished 
hyperbolic elements 7 k,Sk G Tfe( 7 Ti*S f ), together with attaching maps 
T k G Autflfc so that T^kT^ 1 = (see for example Harvey [28]). 
The hyperbolic elements 7 k and Sk both represent the holonomy (with 
opposite orientations) of the neck to be separated. We assume that 
(Hfc, TfclsJ —y (■ O , H). (In this case, since there is a single limit domain, 
we absorb the pk G SL(3,M) into the definitions of f Ik and T*,. In the 
present case, Tk will diverge instead of pk.) See Figure [D 
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Figure 1. 

If 7 = lim is parabolic or quasi-hyperbolic, then the holonomy is 
regular, and the holonomy type of 5k is the inverse of that of 7*,. 

If on the other hand, 7 is hyperbolic, we proceed as above. Choose 
coordinates so that 7 = D(X,/i, u). By the same arguments as above, 
we may slightly modify the tt k for k large so that 7*, = D(X k , /i fc , u k ) as 
well. Let 5 = lim 5 k and fix A e SL(3,M) so that A7AR 1 = <5 _1 . Since 
5k —> 5, we find 

A^Tk ■ D(X k , n k , v k ) ■ T^ 1 A ->■ D{ A, /x, v). 

As above, there is a matrix <fi k of eigenvectors of A~ l T k ■ D(X k , /Jfc, v k ) ■ 
T^ l A so that (f)k —> I and 

4*k A -Cfe ■ D(X k , /ifc, z/fc) • Tfo A(j>k D(X k , /ifc, Pfc). 

Thus, as above, TfX' Acj) k is diagonal, and may be written as the product 
of Dehn twist and bulge matrices D( A^, /4\ zy*)' D{e~ Sk , e 2sk ,e~ Sk ). If 
s k has a finite limit, then we can show, as in the case above in which 
S — l is not connected, that the separated neck is trivial. (Theorem [21 
applies in a similar way.) The remaining cases to analyze are s k —> ±00. 
Assume without loss of generality that s k —>■ +00. Recall the definitions 
of the principal geodesic l and principal triangles T, T as above. Let i 
be the line segment from [1, 0, 0] to [0, 0,1] with nonnegative coordinate 
entries, and let T be the open triangle with vertices [1,0,0], [0,1,0], 
and [0, 0,1] all of whose coordinates are nonnegative. Finally, let T be 
the reflection of T across l. By the limiting attaching map A, we may 
assume that O D T and O D AT are not empty. For q G O D T, we see 
that for large k, q G f4 fl T. Then (pkA^Tkq —> [0,1, 0] from within T, 
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which shows T k q — > A[0,1,0] from within AT. Since 0 D A£, we see 
by convexity that O D AT, and so the bulge parameter of this end is 
+oo. 

On the other hand, if there is a p G O 0 T, then the same argument 
shows O D AT as well. This contradicts the proper convexity of O , 
and so we see that O 0 T = 0, and thus the bulge parameter of this 
end is — oo. This picture satisfies the definition of a regular separated 
neck. □ 

2.5. Augmented Goldman space. In order to introduce the aug¬ 
mented Goldman space, as a warmup, we first form a bordihcation of 
Qs by attaching singular MP 2 structures which degenerate only along a 
single simple closed nonperipheral curve l. Define Q l s as the set of all 
properly convex MP 2 structures on S' — £ which form regular separated 
necks across l. We produce a topology on the bordihcation 

Os u Gi 

First of all, if X G Gsi then we declare all open neighborhoods in Gs 
to form a neighborhood basis in the bordihcation. 

Now let X G Gs- First of all, consider open sets among MP 2 struc¬ 
tures on S — i which form separated necks across t. Each such open 
set O C Gs-i contains both regular and trivial necks across t. Now we 
construct from O a subset O of Gs □ Gs- Let O reg consist of the MP 2 
structures with regular necks across i, and let O tT i V = O — O reg consist 
of the MP 2 structures with trivial necks across l. Then define 

O = 0 r eg U Pull^Otriv. 

In other words, for each MP 2 structure with a trivial neck in a neigh¬ 
borhood of X, we attach the neck by taking the inverse image of the 
pulling map. All such O form a neighborhood basis for the topology of 
augmented Goldman space near A". Note that this topology on Gs U Gs 
is not locally compact, since the pulling map is unchanged under each 
Delin twist around £. But, by the arguments above in Subsection 12.31 
we may choose a countable collection of such neighborhoods, and so 
the topology is first countable. 

If c G C(S), define Gs t° be the set of all properly convex MP 2 
structures on S' — c with regular necks across each loop in c. (If c = 0, 
G% = Gs-) As a set, augmented Goldman space 

sr= u 

ceC(S) 
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If X G <?s Ug , then there is a unique c G C(S) so that X G Gs, and thus 
A" has a regular separated neck across each loop in c. As we deform A", 
some of these necks may remain separated, while others may be glued 
together. As above, let O be a neighborhood of X in the subset of Gs-c 
consisting of those MP 2 structures which have separated necks across 
each loop in c. Each Y G O has either trivial or regular separated 
necks across each loop in c. Then 

o = □ e>tnv,d, 
dCc 

where Y G O t m,d if and only d is the set of loops across which the 
separated neck is trivial in Y (thus the necks across the loops in c — d 
are the regular separated necks). Now define 

0= □ Pull^(9 triv>d , 

dCc 

where Pull® is the identity map. The set of such O forms a neighbor¬ 
hood basis for the topology of G^ g around X. 

Remark. It is instructive to compare the construction of £/!k lg to the 
construction of augmented Teichmiiller space; see e.g. [I]. Given a 
free simple loop c in a surface closed S of genus at least two, we may 
take the hyperbolic length parameter around c to be zero. Then no 
neighborhood of this point in the augmented Teichmiiller space has 
compact closure, as the associated twist parameters around c take all 
real values in the neighborhood. 

As we must keep track of the developing map of a surface pulled 
across a loop c, each point in Gs-c « priori has a neighborhood in 
G$ ug which contains all integral powers of Dehn twists along c. This 
shows Gs Ug is not locally compact. We can say more, however. For 
the regular cases, which are of primary interest, one may check that 
each neighborhood of an MP 2 structure all of whose separated necks 
are regular includes MP 2 structures on the glued necks which represent 
all real values of the twist parameters. 

We have defined augmented Goldman space essentially in terms of 
the dev-hol pair (0,T) of convex MP 2 structures, as opposed to the 
Fenchel- Nielsen parameters commonly used in study of augmented Te- 
ichmiillcr space. It should be interesting to try to use Goldman’s ana¬ 
log of Fenchel-Nielsen parameters on convex MP 2 structures [25j to 
put coordinates on augmented Goldman space. Goldman’s parameters 
have been extended by Marquis to the cases of parabolic and quasi- 
hyperbolic holonomy m- 
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2.6. Augmented moduli space. Our main space of interest is in the 
quotient of augmented Goldman space by the mapping class group, 
which we call the augmented moduli space of convex RP 2 structures. 
Recall the mapping class group is the group of orientation-preserving 
homeomorphism modulo diffeomorphisms isotopic to the identity MCG(S) 
Diff + (S)/Diff°(S). 

Consider a diffeomorphism </> of S. If x 0 G S is a basepoint, then 
<f induces a map </>* : 7r x (S, x 0 ) ~t ttQS, Q(x 0 )). We fix a holonomy 
representation T : tti(S,Xq) —> SL(3, R). We assume that for the image 
of the developing map O, that the quotient T\f2 is diffeomorphic to S. 

Proposition 5. MCG(S) acts on Qs by homeomorphisms. 

Proof. Let [(0,T)] e Q s , where [•] denotes the equivalence class under 
the SL(3, R) action. In order to consider the action of the diffeomor- 
phism f on T, each homotopy class of paths in S from x 0 to Q(x 0 ) de¬ 
termines an isomorphism from 7ir(S, Xq) to 7ir(S, 4>(xq)). As in Lemma 
[3] above, different choices of paths lead to representations equivalent 
under the SL(3,R) action. This shows that the action of <f on (0,T) 
produces an equivalence class in Qs- Moreover, the actions of the dif¬ 
feomorphism group and SL(3, R) commute with each other, and so the 
diffeomorphism group acts on Qs- 

All that remains is to show the diffeomorphisms isotopic to the iden¬ 
tity act trivially. The argument in the previous paragraph shows that 
we may assume such a diffeomorphism preserves the basepoint xq. In 
this case, an isotopy of diffeomorphisms induces a homotopy of loops 
based at x 0 , and so the elements of x 0 ) are fixed by diffeomor¬ 
phisms isotopic to the identity. 

It is clear from the definition of the topology on Qs that this action 
is by homeomorphisms. □ 

We denote the quotient MCG(S)\Qs by IZs- 

To extend this proposition to Q'f lg , we must extend our marking to 
the case of separated necks. Each c 6 C(S) represents a set of separated 
necks, and S — c has a number of connected components Si,, S n . 
First of all, consider the case that S\ = S — c is connected. Then the 
action of T(7 Ti(5', xo)) is restricted on Si to include only those homotopy 
classes of loops in 7Ti(Si, xo), which are exactly those homotopy classes 
which have representative loops which do not intersect c. In other 
words, 

TlsQnQSuXo)) C T(tt 1 (S, x 0 )) C SL(3,R) 


in this case. 
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In the case S — c = Uf =1 S t is not connected, then we consider 
7 Ti(Si,Xi) for basepoints x* G 5*. First of all, we may relate x 0 ) 
to iri(S,Xi) for each i by choosing a path from x 0 to x, : . As above in 
Lemma HI different choices of a homotopy class of each such path lead 
to holonomy representations conjugate by elements of SL(3, R). But 
our definition of Q c s allows for conjugating by one element of SL(3, R) 
for each connected component Si of S — c, and so our argument works 
independently of the choice of paths. Now we restrict only to those 
elements in 7r 1 (S', Xj) which do not intersect c: these are exactly the 
elements of 7r 1 (S'j,x i ). 

Now the following proposition follows without much difficulty from 
the definitions laid out above. The assertion about lZ & g g being first 
countable follows from Lemma [2j 

Proposition 6. For every c G C(S), a diffeomorphism (ft of S induces 
a homeomorphism of Gg Ug which sends each stratum Q c s homeomorphi- 
cally onto Q^ c \ The mapping class group acts by homeomorphisms 
on G^ g , and the quotient topology on TZff g = MCG(S)\Qg Ug is first 
countable. 

2.7. Plumbing coordinates and the topology of regular cubic 
differentials. In this section, we define the topology of the space of 
regular cubic differentials. We start with a heuristic picture of the main 
construction. Recall that on the regular part E reg of a compact noded 
Riemann surface £, there is a unique complete conformal finite-area 
hyperbolic metric k. Each hyperbolic surface can then naturally be de¬ 
composed into the thick part and the thin part, as Margulis’s Lemma 
shows that there is a universal positive constant c so that the set of 
points with injectivity radius less than c is a disjoint union of annular 
cusp and collar neighborhoods. The noded Riemann surface is smooth 
if and only if there are no cusp neighborhoods. Each cusp neighbor¬ 
hood is isometric to every other, and a single parameter, the length l 
of the core geodesic is the only hyperbolic invariant for collar neigh¬ 
borhoods. Each cusp or collar neighborhood is metrically rotationally 
invariant. Allowing l —> 0 changes a collar neighborhood to a pair of 
cusp neighborhoods, and heuristically provides a path to the boundary 
of the moduli space of Riemann surfaces. In this setting, we would like 
to define a related conformal metric m on each Riemann surface given 
by replacing the hyperbolic metric on the thin part by conformal flat 
cylindrical metrics of circumference 2c (so that the resulting metric, 
hyperbolic on the thick part and flat on the thin part, is continuous). 
See Figure [2l Then we may define regular cubic differentials as holo- 
morphic cubic differentials on E reg which are bounded in the L norm 
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Figure 2. 

and whose residues match up appropriately. Convergence of families 
of regular cubic differentials over a sequence of noded Riemann surface 
£i which converge to £,*, in M. g is then defined to be convergence in 
L™ c with respect to the rrii coordinates. 

This heuristic picture is imprecise, and using l as a parameter in 
moduli is not well-suited to the geometry of holomorphic objects such 
as regular cubic differentials. Instead, we consider Wolpert’s hyperbolic 
metric plumbing coordinates, which describe the holomorphic moduli of 
noded Riemann surfaces, but also are constructed to be closely related 
to the hyperbolic metrics. 

Consider local V-manifold cover coordinates on Ai g near a nodal 
curve. These are due to Masur [09] and refined by Wolpert. See 
Wolpert [66] for an overview and references. Consider a stable noded 
Riemann surface £ with n nodes. We think of £ as representing a 
point in the boundary of the Deligne-Mumford compactihcation of the 
moduli space of closed Riemann surfaces of genus g. For the z th node 
there is a small cusp neighborhood so that: 

• The closures of the N t are disjoint in £. 

• There are coordinates z,, ?iy on each part of N t n £ reg and a 
uniform constant c so that 

ivf s = W n £ reg = {\zi\ e (o,c)}u{H e (o,c)} 

and the complete hyperbolic metric on £ reg restricts to N t as 


\dx\ 

2 

(|x| 

log 

\x\y 


The coordinates Zj, w t are called hyperbolic cusp coordinates. 
Moreover, Wolpert [64] has constructed a real-analytic family of Bel¬ 
trami differentials v(s) on £ reg for s in a neighborhood of the origin in 

(£3g-3-n go 
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• 1 /( 0 ) = 0 . 

• The support of each i/(s) is disjoint from the closure of each 
cusp neighborhood TV,;- 

• Each z/(s) is C°°, and the family of all v(s) vary in a complex 
vector space of dimension 3g — 3 — n. 

• There is an induced diffeomorphism of Riemann surfaces \ s '■ 
E reg —>■ E s,reg satisfying d\ = v(s)dx- 

• On each x s restricts to a rotation (and thus a hyperbolic 
isometry). 

Each node contributes an additional complex parameter via the plumb¬ 
ing construction. First of all, each cusp neighborhood TVj is biholomor- 
phic as a complex-analytic set to {zjuy = 0, |zj| < c, |uy| < c} C C 2 . 
To open the node, let |tj| < c 2 and consider the annulus 


Np = {ziWi = ti, \zi\, \wi\ E ( 1 % i , c)} C C 


If we choose t = as above, we may replace N t with N*' 1 

(by using the same Zi : Wi coordinates) in order to form E*. Since the 
Beltrami differentials are constructed so that the hyperbolic cusp co¬ 
ordinates are essentially preserved, we have 

• (s,t) near (0,0) form local V-manifold coordinates, the hyper¬ 
bolic metric plumbing coordinates , for Ai g . 

Given these hyperbolic metric plumbing coordinates, we recall Wolpert’s 
grafting metric g s,t . Let k s,t be the complete hyperbolic metric on 
E s,t ’ reg . We will not use the construction of the grafting metric, but 
only the following properties [R31 : 

• g s,t is a complete conformal metric on E s,t,reg . 

• If t, — 0, then g s,t = k s,t on TV, D E s, * ,reg . 

• For ti 7^ 0, then g s,t is equal to 


(3) 


( 7T f l0g^\\ 2 

\\zi \log I til CSC v log I til ) ) 


\dzi \ 2 


on N-*. 

• Away from Zi = Wi = 0, the metrics g s,t on TVb vary real- 
analytically in lo ^| ; for all |t,| < c 2 . 

• There is a uniform constant C so that 


— - 1 

< c 

ks,t 



i= 1 


( 4 ) 
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• There is a uniform constant C' so that the curvature n g s,t sat¬ 
isfies 

(5) || V-* + 1 llc° < C"(log \ti\)~ 2 . 

Recall a regular cubic differential over a noded Riemann surface E is 
given by a holomorphic cubic differential U on E reg with the following 
behavior at the nodes: Let each node be given by z,w t = 0 in local 
coordinates. In terms of the z t and Wi coordinates, we first of all require 
U to have a pole of order at most 3 at the origin. For x = Zi,Wi, the 
residue of U is defined to be the dx 3 /x 3 coefficient of U. The residue 
does not depend on the choice of local conformal coordinate. The 
second condition is that the residues of the z t and wy coordinates for 
each node sum to zero. 

It will be useful for us to describe the convergence of cubic differen¬ 
tials in terms of a family of metrics constructed by modifying the graft¬ 
ing metrics g S)t . Our construction is to replace the (locally) hyperbolic 
grafting metrics in the thin part of each surface by a flat conformal 
cylindrical metric of uniformly constant diameter. For t, t = 0, we will 
replace each hyperbolic cusp end by a complete flat cylinder, while for 
ti 7^ 0 small, we replace the hyperbolic collar by a flat collar. The 
details are presented below. 

Since the boundary of Ai g is compact, it can be covered by a finite 
number of hyperbolic metric plumbing coordinate neighborhoods V a , 
a = 1,... ,M centered at nodal curves on the boundary. Define the 
set V° to be an open set containing M. g \ U a V a whose closure does 
not intersect dM. g . V° lies in the thick part of the moduli space, as 
it excludes a neighborhood of the boundary. Consider the universal 
curve 7T: C g —y A4 g . For each noded Riemann surface E s,t in 7r~ 1 V a , 
a = 0,..., M, define the metric m a ’ s,t as follows 

• Let m° be the hyperbolic metric on the (necessarily nonsingular 
and closed) Riemann surface E. 

• For a noded Riemann surface E = T, s,t in U a , define m a,S)t to 
be equal to g s,t on E \ U iN-’ 1 . 

• On Nf', consider the quasi-coordinate i = logo; for x = z^Wi. 
Then for ^ 0, 



for log \ti\ — logc < Re t < logc. For ti = 0, g s,t = (Re \di\ 2 
for Re £ < log c. 

• For the = 0 case, consider the half-cylinder {Re^ < 2logc} 
with flat metric / = (2logc) -2 \dd\ 2 . 
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• For ti 7 ^ 0, let 

K = arcsin ( • 2 log c) , 

7T \log \ ti\ ) 

consider the annulus {Re£ G [log |f,| — K,K]} with flat metric 
/ = (2 logc ) -2 \d£\' 2 . Note this metric is equal to g s,t on the 
boundary of the annulus. 

• Now on each surface we interpolate between the two metrics. 

Let g be a smooth nonnegative function of Re £ which is equal 
to 1 for Re £ < 2 log c and equal to 0 for Re £ > log c. On each 
connected component of N* es for t t = 0 , define the metric m a,s,t 
to be ■ / J '( Re b 

• We make a similar definition for ti ^ 0, shifting the interpo¬ 
lating factor and adjusting for the fact that is connected. 
Let 


0(Re t) = r/(Re t — K + 2 logc) • rj(2 logc + log |tj| — K — Re £). 


Then the metric m a,s,t restricted to C E = Tj s,t is defined 
to be 

• Note that m a,s,t is always a complete conformal metric on E reg . 
ft is always equal to g s,t outside cusp and collar neighborhoods, 
and well inside these small neighborhoods, the metric is flat 
cylindrical of uniform circumference. These two regions are 
glued together along annual regions using a uniform partition 
of unity, and so the metric m a,s,t on these annular regions is 
smooth and has uniform geometry. In particular, the 7n a ’ s,t 
metrics have uniformly bounded Gauss curvature. 

• Moreover, there is a uniform positive constant C > 0 so that 
for on every Riemann surface £ = T, s,t represented in V a , 


( 6 ) 


By our construction, rn a,s,t /g s ’ t > 1 in the region where m a,s,t is 
flat. The existence of such a bound C on the region of the inter¬ 
polation follows from compactness considerations, while outside 
these two regions, the two metrics are equal. 


We will also use a basic description of the thick-thin decomposition 
of hyperbolic surfaces and of the universal curve. See e.g. |66j. For pos¬ 
itive e small enough, the locus of points Thin e on a complete hyperbolic 
surface with injectivity radius less that e is called the thin part of the 
moduli space, while the complement is the thick part Thick e . The thin 
part is a disjoint union of punctured disks (cusps) and annuli (collars). 





CONVEX RP 2 STRUCTURES UNDER NECK SEPARATION 


26 


Margulis’s Lemma shows there is a fixed eo > 0 so that this is true for 
all 0 < e < eo, while Mumford’s Compactness Theorem shows Thick e is 
compact. We will need to relate this to the hyperbolic metric plumbing 
coordinates. In particular, in each V a neighborhood, (J4j) shows that 
for any sequence of points in C g , the injectivity radius of the hyperbolic 
metric goes to zero if and only if the plumbing coordinates Zj,Wj for 
the appropriate collar go to zero. 

Lemma 7. For any convergent sequence in C g , either it converges to 
a node (in which some Zj,Wj coordinates are 0) or there is an e > 0 so 
that all but a finite number of elements of the sequence lie in Thick e . 

Now we describe the convergence of sequences in the total space of 
the bundle of regular cubic differentials over M. g . See e.g. Since 
this space is a V-manifold vector bundle (and so naturally has a first- 
countable topology), convergence of sequences determines the topology. 
Consider a sequence (£,-, Uf) of pairs of noded Riemann surfaces £,- and 
regular cubic differentials Uj on £ j. Then we say (£j, Uj) —> (£,[/) if 
and only if 

• £,- —> £ in A i g . 

• For j large, there is an a so that £j, £ are in the neighborhood 
V a . Thus there are hyperbolic plumbing coordinates ( s,t ) for 
£, ( Sj,tj ) for £j, and ( Sj,tj ) —> ( s,t ). Also consider the neigh- 
borhoods Nfi’ 0 as above. 

• On £ \ U iNi, we assume [(; X Sj )~ 1 ]*Uj —> [(x s ) _1 ]*f^ uniformly 
with respect to the hyperbolic metrics. 

• On each N tl consider the hyperbolic cusp coordinates Zi,Wi on 
the collar Nfi’ 3 . Recall that z t and Wi have domains \z t \, (w,] e 
(—, c). Then for x = z^w^ write Uj = Ujdx 3 . The conver¬ 
gence condition is that for all x G {zi,Wi}, Uj U normally in 
the domains {|x| G (—,c)}. 

We have the following description of the convergence of families of 
regular cubic differentials. 

Lemma 8. (£*, Uf) —> (£, U) if and only if £* —> £ in Ai g and (with 
respect to the appropriate member V a of the cover of M. g ) [(x Sj )^ 1 ]*Uj —> 
KxT 1 ]^ in L°° with respect to the metrics with the additional 

caveat that on the N(‘- regions, the convergence in the hyperbolic met¬ 
ric plumbing coordinates is normal convergence on the domains {|x| G 
(“r, c )}? which vary in size as tj varies. 

Proof. This lemma follows fairly easily from the considerations above 
except for one point, namely that the convergence with respect to the 
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flat metrics is L°° for regular cubic differentials. For the case of tj f 0, 
in the £ quasicoordinate, consider Uj = Uj d£ 3 = Uj ^ for x = Zj,Wj. 
Our convergence assumption implies that in annular bands near \x\ = c, 
Uj converges uniformly (and so the Uj are uniformly bounded there). 
Wolpert calls this condition band bounded [67]. We have these bounds 
at both ends of the annulus, and so the maximum modulus principle 
implies that there are uniform bounds on Uj across the annulus {|x| € 
(—, c)}, and moreover, the bounds are independent of the tj as tj —> 0. 
But the metrics m a,s,t are constructed so that uniform convergence of 
the Uj is the same as L°° convergence with respect to the metrics in 
the annulus. 

For the case of tj = 0, the definition of regular cubic differential 
implies Uj is bounded near x — 0. Thus x = 0 is a removable singu¬ 
larity for Uj. The maximum modulus principle still applies and the 
convergence is again in L°° with respect to the metrics. □ 


3. Hyperbolic affine spheres 

3.1. Relationship to convex RIP 2 structures. For Q C R n C RP n a 

properly convex domain, consider the cone C in R” +1 given by {t(x, 1) : 
t G R + ,£ £ fl}. O is the image of C under the projection 7r: R n+1 \ 
{0} —> RP". The proper convexity of H is equivalent to C being prop¬ 
erly convex, in that it is convex and contains no lines. There is a 
unique (properly normalized) hyperbolic affine sphere "H asymptotic 
to the boundary of C which is invariant under special linear automor¬ 
phisms of C mra. Then 7r restricts to a diffeomorphism from "H to H, 
and projective automorphisms of fl lift to special linear automorphisms 
of C, which act on "H. 

In order to define the hyperbolic affine sphere, we introduced the 
affine normal. To any strictly convex smooth hypersurface in R n+1 , 
the affine normal f is a smooth transverse vector held which is invari¬ 
ant under unimodular affine transformations of R n+1 . The hyperbolic 
affine sphere (which we take to be normalized so the center is at the 
origin and the affine mean curvature is —1) can be defined as a convex 
hypersurface "H so that at all points, the affine normal is equal to the 
position vector. See e.g. 0 [TUI H21 USE 03 [52]. A hyperbolic affine 
sphere is always equivalent to one normalized as above by an affine 
motion in R" +1 . For the rest of this work, we will always assume all 
hyperbolic affine spheres are so normalized. 
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The first natural structure equation on PL is the following formula of 
Gauss type: 

(7) D x Y = V x Y + h{X,Y)f, 

where D is the flat connection on M n+1 , X and Y are tangent vector 
fields on PL, / is the position vector of points on PL (which is trans¬ 
verse to the tangent space). Then D X Y is split into VjY, the part 
in the tangent space, and h(X,Y)f, the part in the span of /. V 
is a projectively-flat torsion-free connection on PL, while h(X, Y ) is a 
positive-definite symmetric tensor called the Blaschke metric or the 
affine metric. Another import local invariant is the cubic tensor, or 
Pick form, which is the difference of the Levi-Civita connection of h 
and the connection V. The cubic tensor measures how far a hypersur¬ 
face is from a hyperquadric, as a general theorem of Maschke, Pick, 
and Berwald implies 

Theorem 4 . PL is a hyperboloid if and only if its cubic tensor vanishes 
identically. 

(This is a special case of the more general theorem that any nonde¬ 
generate smooth hypersurface is a hyperquadric if and only if its cubic 
tensor, when defined with respect to the affine normal £, vanishes iden¬ 
tically.) 

For a hyperbolic affine sphere PL, the completeness of the Blaschke 
metric is equivalent to PL being properly embedded. In fact, we have 
the following theorem of Cheng-Yau mra and Calabi-Nirenberg (un¬ 
published), with clarifications by Gigena [22j, Sasaki [55], and A.M. Li 

[szies]. 

Theorem 5. For G a properly convex domain in MP n , consider the 
cone C C M n+1 over Ft. Then there is a unique properly embedded hy¬ 
perbolic affine sphere PL C C which is centered at the origin, has affine 
mean curvature —1, and which is asymptotic to dC. PL is invariant 
under volume-preserving linear automorphisms of C, and PL is diffeo- 
morphic to Ft under projection. The Blaschke metric on PL is complete. 

Conversely, let PL be an immersed hyperbolic affine sphere normalized 
to have center 0 and affine mean curvature —1. If the Blaschke metric 
on PL is complete, then PL is properly embedded in a proper convex cone 
C centered at the origin and is asymptotic to the boundary DC. 

If M = T\f2 is a properly convex MP n manifold, then we may lift the 
representation T to PGL(n+ 1, M) to volume-preserving linear actions 
T on the cone C over G. By the invariance of H, we find T acts on PL, 
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and M is naturally diffeomorphic to T\TL. The invariant tensors on TL 
(the Blaschke metric and the cubic form) descend to M. 

Given a properly convex cone C C M n+1 , the dual cone C* is the 
cone in the dual vector space M n+ i to M n+1 given by all i G M n+ i so 
that £{x) > 0 for all x G C. Upon projecting to projective space, if 
= 7r(C) C MP n , the we also have a dual convex projective domain 
C MP„. From this formulation, we remark 

Lemma 9. If hU C hU ore properly convex domains in RP n , then 
D 

There is a related duality result on hyperbolic affine spheres due to 
Calabi (see [21] . and [43] for an exposition). For TL a hyperbolic affine 
sphere, consider the conormal map TL —y M n+1 given by 

xGf, where £(x) = 1 and £(T X H) = 0. 

Theorem 6. Given a properly convex cone C C M” +1 with correspond¬ 
ing hyperbolic affine sphere H C C, then the conormal map maps H 
diffeomorphically onto the unique hyperbolic affine sphere H* corre¬ 
sponding to the dual cone C* C M n +i- The conormal map is an isom¬ 
etry with respect to the Blaschke metrics on TL and TL* and takes the 
cubic form C ha —C. 


We will also use the relationship between the conormal map and the 
Legendre transform. If v : U —» M is a smooth convex function on a 
convex domain C M" with coordinates x l , the we define the Legendre 
transform function v* by 


+ v — x 1 


dv 
dx i ' 


The function v* is considered primarily as a function of the variables 
fkj, and as such it is an involution on the space of convex functions. If 
TL is a hypersurface given by a radial graph of — 4 for a convex function 

v, 

Then the image of the conormal map of TL is given by 


( 8 ) 


\ \ dx 1 ’ ’ dx n V )j 


Therefore, the conormal map essentially (up to a few minus signs) 
interchanges the radial graph of — ^ with the Cartesian graph of the 
Legendre transform v*. 
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We also mention here the relationship between hyperbolic affine 
spheres and a real Monge-Ampere equation, which is due to Calabi 
[10] . The formulation here also depends on results in Gigena [22] . 

Theorem 7. Given a properly convex domain O C R" C MP", the 
hyperbolic affine sphere asymptotic to the boundary of the cone over hi 
is given by the radial graph of 



for v the convex solution unique solution of the Dirichlet problem v 
continuous on 0, v = 0 on dfl, and 



for Vij the Hessian matrix of v. The Blaschke metric is —\v l3 dx l dxf 

Loewner-Nirenberg first solved this equation for convex domains with 
regular boundary in dimension two [40]. Cheng-Yau solved this equa¬ 
tion in the general case m 

3.2. Benoist-Hulin’s convergence of invariant tensors. For the 

reader’s convenience we provide a new proof of Benoist-Hulin’s theo¬ 
rem. The new proof is different in its treatment of the higher-order 
estimates of the Monge-Ampere equation. 

Theorem 8. [5] Let Llj, floo be bounded convex domains in M" C MP". 
Assume f tj —> floo converges in the Hausdorff topology with respect to 
the Fubini-Study metric on MP". Then the solutions Vj to the Dirichlet 
problem fff) on Qj converge in Cff c to the solutions Voo on 

Since the projectively-invariant tensors the Blaschke metric and cu¬ 
bic tensor are formed from v and its derivatives, we have the following 
result of Benoist-Hulin: 

Theorem 9. Under the hypotheses of the theorem, the Blaschke met¬ 
rics and cubic tensors converge in Cff c . 

Proof of Theorem 0 Our new proof of Benoist-Hulin’s theorem differs 
in its treatment of the Cf oc estimates. For C® oc estimates, we follow 
[5j by using the maximum principle. Pick an inhomogeneous affine 
coordinate chart M 2 C MP 2 so that 0 G 0 o0 and Qoo is bounded in M 2 . 
This implies there are Cj —> 0 so that 


(1 + efjULj D Ooo D (1 - efttj. 
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For Vj the solutions to the Dirichlet problem for (J9]) on Qj, the corre¬ 
sponding solution on tClj is t"+ T Vj(t~ 1 x), and the maximum principle 
implies that if O C U, then vq > Vu- In particular, this shows 

(1 + + €j)) < Uoo(x) < (1 - ej)^Vj{x/{ 1 - 6j)), 

which in turns shows Vj —> in Cj c on 12oo. Dehne 

v+( x ) = (1 + e j )^v j (x/( 1 + €j)), vj(x) = (1 - - €j)). 

Then vj -A in C° oc , vj -A in C° oc , and vj(x) > Vj(x) > vj(x). 

The Cj c estimates depend only on convexity. Let T be a large tri¬ 
angle in M 2 which contains floo and all the for k large. Then the 
solution wt to the Monge-Ampere equation has a minimum value — M, 
and the maximum principle shows that the solutions Vq and WQ k also 
must satisfy w > —M. Now for such a w, let g = w(y + tv), where 
t G R, y is a boundary point, and v is a unit vector pointing into the 
domain. Then g is continuous, g(0) = 0, and g is smooth and strictly 
convex on an interval (0 ,R). In particular, g' is increasing on (0,i?). 
For t G (0, R), 

, (t) > 9{t)-9{ 0) _ 9{t) > _M_ 

9 U “ t -0 t ~ t ' 

Together with the estimate along the same ray traversed in the opposite 
direction, this shows \g'\ is uniformly bounded on any compact set, with 
the bound depending on the diameter of the domain and the distance 
to the boundary. 

For the interior C 2 estimates, we have the following standard result 
following Pogorelov. The following theorem we quote is a direct appli¬ 
cation of Theorem 17.19 in |23j . We note that we must restrict to a 
sub-level domain {n < —e}, as estimates on the function v ha (— 
and its first two derivatives are need to apply Theorem 17.19. 


Theorem 10. Consider the solution v to the Dirichlet problem (GJ) on 
a bounded convex domain 12 C M n . Let e > 0, and let O = {v < 
—e}. Then there is a constant C depending on n, e, IHIcqc?) and the 
diameter of O so that if O' CC O, then 


sup \D 2 v\ < 
a 


C 

dis t(o',doy 


By the arguments above, we have vj —> v, vj —> v, and vj >v >vj. 
On each compact set, convexity shows that the convergence is uniform 
(this follows from the C 1 estimates above and Ascoli-Arzela). Since 
vj > Vk > vj, we have that ty —» v uniformly on compact subsets of 
12oo. Now let K be a compact subset of 12oo. For large k, K C 12^ as 
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well. By continuity, ma xrv = —3e for some e > 0. The set {u < — 2e} 
is also compact, and by uniform convergence, we can see that for large 
enough k, we have 

[v k < — e] D {u < —2e} D {u < — 3e} D K. 

So if we define O k = {v k < — e}, 

dist (K,dO k ) > dist(A', {v = — 2e}) > 0. 

Moreover, the diameter of O k is bounded by that of Vt k) which is uni¬ 
formly bounded. Thus we have estimates for Theorem [TO] which are 
independent of k, and on K , we have uniform C 2 estimates on v k . 

Finally, we use the Evans-Krylov estimates to find interior C 2,a esti¬ 
mates. See Theorem 17.14 in [23] , In particular, on any compact subset 
K of there is an a G (0,1) so that the C 2,a estimates on a slightly 
smaller compact subset K' depends only on the distance dist(/v', dK ), 
the C 2 estimates of v on K , and bounds on the eigenvalues of the Hes¬ 
sian matrix of v. These estimates are similar to but easier to apply 
than the Pogorelov estimates above. The main new ingredient is to 
bound the eigenvalues of the Hessian matrix of v k . The largest eigen¬ 
value is bounded by Pogorelov’s bounds on the second derivatives, while 
the smallest eigenvalue is bounded away from 0 by using the Monge- 
Arnpere equation det {v k ,ij) = {—v k )~ n ~ 2 and the bounds away from 0 
on v k . 

We have shown so far that on every compact K C floo, there are 
uniform C 2,a bounds on v and v k for k large, and also v k —> v uni¬ 
formly. This means that the Ascoli-Arzela Theorem applies to show 
that (subsequentially at least), v k — > v in C 2 on K. But every subse¬ 
quence of {v k } then has a subsequence converging to v in C 2 , and so 
we see v k — > v in C 2 on K. 

Higher-order interior estimates and convergence are standard once 
C 2,a estimates are in place, and so v k —> v in C^ c on floo. □ 

Benoist-Hulin’s C^ c convergence of affine invariants is quite strong. 
However, the conformal structure at the end of a surface is not quite 
local in this sense, and so we will need to expend a more effort to 
compute the conformal structures at the ends. 

3.3. An estimate on Blaschke metrics. We begin this subsection 
with a quantitative version of the following theorem of Cheng-Yau [12] 
(as clarified by Li [37]): A hyperbolic affine sphere 7i with complete 
Blaschke metric is properly embedded in M n+1 and is asymptotic to 
the boundary of the convex cone given by the convex hull of Ti and its 
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center. We consider a quantitative version involving geodesic balls of 
large radius. 


Proposition 10 . Let TL be a hyperbolic affine sphere given by the radial 
graph of —K where v solves the Dirichlet problem over a convex 
domain Ll. Let v be normalized so that u(0) = —1 and dv( 0) = 0. 
Assume there are positive constants 7 , 6, e, and consider the ball in LI 
the ball {x : |x| < e}. Assume the Blaschke arc-length £(0,x) of radial 
paths {tx : t G [0,1]} satisfies 

( 10 ) £(0,x)>5 for |x| = e. 


Also assume 

( 11 ) v(x) > —1 + 7 , 


1 d'V 

-x — (x) > 7 for 
e ox 1 


x = e. 


Then there are constants C = C(n ) and A = A(C, 7 , 5 ) so that if 
Bq(Q) is the geodesic ball centered at x = 0 of radius Q, then 


{x : v(x) < - e {A ~ Q)/c } C B%(Q). 


Proof. Consider a hyperbolic affine sphere TL normalized with its center 
at that origin, affine mean curvature —1. Moreover, assume (0,..., 0,1) G 
TL and that the tangent plane at that point is horizontal. Consider 
the dual affine sphere TL* can be written as the graph {(y,p(y))}. 

1C = {(—y,p(y))}, as the image of TL* under a volume-preserving linear 
map, is also a hyperbolic affine sphere. 

We follow a suggestion in [39] . Remark 2.7.2.6(h). The height func¬ 
tion p on 1C is a positive eigenfunction of the Laplacian with respect 
to the Blaschke metric h, which is complete and has Ricci curvature 
uniformly bounded below. A gradient estimate of Yau [S7j then ap¬ 
plies to show that there is a uniform constant C depending only on the 
dimension so that 


(12) \\d(logp)\\ h < C 

Consider v the Legendre transform of p. Theorem [6] and (jHJ) show that 
TL = { —^Ay(— x, 1) : x G 9} is essentially the radial graph of —A 
Recall the Legendre transform is given by 

, 10 , i dv ■ dp 

( 13 ) p + v = xyi, y i = — 1 X —. 

We primarily consider p = p(y) and v = v(x). Choose coordinates on 
M n+1 so that v(0) = —1 and dv( 0) = 0. Since v is convex, it has its 
minimum at x = 0. Differentiating (TT31) shows that 

dp j d 2 v 
dx l dx'dxJ 


( 14 ) 
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We follow the proof of Theorem 2.7.1.9 in [39] . Use the expression 
for the Blaschke metric in Theorem [7j above to compute for fell the 
Blaschke length l of the path V = {tx : 0 < t < 1} to be 


£(0,a;) = 


1 ( 1 d 2 v 


v dx l dxi 


■x l x 3 


dt. 


Assume ca and CO ^nd use (1121) , ( 1 13 j) and ca. Let v 13 denote 
the inverse matrix of ■ Compute 


£(0, x) < 6 + 


= 6 + 


= 5 + 


f 

'e/\x\ 

f 

le/\x\ 


1 d 


v dx i dx j 


■x l x 3 


dt 


1 d 2 v 

dt 


1 dp dp 






vt 2 dx i dx j 


Je/\x\ 

5+ [ —-- \\dp\\ h dt 

J e/\x\ vt 


dt 


A 5 + 


= 5 + 


'[*[ 


C , 

— pdt 
vt F 


C 


e /\x\ 


vt 


dv 


- tx 3 ——r — V ) dt 


dxi 


C 


5 — C d(log \v\)(V(t)) + / —dt 

Je/\x\ 


U/\x\ t 


\v(x)\ + log 


-log 

e 


VM/ 


£ 


= 5 + C 

< <5 — Clog |u(x)| + CTog(l — 7 ) — CToge + Clog \x\. 

Now the convexity of v, together with (fTTTl and U2 = (r; < 0}, implies 
|x| < and so there is a constant A = A(C, 7 , <5) so that 

d h ( 0, x) < £( 0, x) < A — dog |u(x) | 

for dh the Blaschke distance. □ 


Now we use Proposition [10]to show that sequences of points in convex 
domains must be separated from each other if their Blaschke distance 
approaches 00 . I 11 fact, the set of sequences of points in Qj which 
converge in the Benzecri sense may be partitioned into equivalence 
classes according to whether their Blaschke distances remain bounded. 
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Proposition 11 . Let Qj -A O be a convergent sequence of properly 
convex domains in RP" with respect to the Hausdorff topology. Assume 
PjLlj U for pj G SL(n+l, R). Assume qj q for qj G Qj and q G O. 
and rj r forrj G PjQj and r GW. Assume that the Blaschke distance 
dn.(qj, pj 1 rj) — > oo. Then there does not exist a sequence Zj G Qj so 
that Zj — » z G O and pjZj -A w GW. 

Proof. Choose coordinates on O so that q = 0 and so that the hyper¬ 
bolic affine sphere Ho is given by the radial graph of — A Also assume 
r?(0) = —1 and du(0) = 0. In these coordinates, Theorem [8] shows that 
the corresponding functions Vj on Qj converge to v in Cff c . In partic¬ 
ular, we can change coordinates on Qj to assume q 3 = 0 , Vj( 0 ) = — 1 , 
and di>j( 0) = 0, while still maintaining Qj —>- O. The Cff c convergence 
of Vj —>■ v implies that there are positive constants 7 , 5, e so that the 
hypotheses of Proposition ITOl are satisfied. If d^.{qj, pf l rj) > Qj , then 
y j(pJ lr j) > — e A ~Qj' Thus Vj(p~ 1 Tj) —> 0 and pj 1 r 3 has no limit in O. 

To prove the result, assume there is such a sequence Zj. Note that 
z and q are of finite Blaschke distance from each other in O, as are 
r and w in U. Thus Theorem [9] implies there is a constant C so 
that for all j large enough, the Blaschke distances dci 3 (zj,qj) < C 
and do. j {zj 1 pf x rj) = d Pj n j (pjZj,rj) < C. Then the triangle inequality 
implies that dft 3 (zj,Zj) —* 00 , which provides a contradiction. □ 

Corollary 12 . Proposition\TT\ holds with the Hilbert metric in place of 
the Blaschke metric. 

Proof. Benoist-Hulin |Fj prove that these two metrics are uniformly 
bi-Lipschitz. □ 

3.4. Wang’s developing map. For a two-dimensional hyperbolic affine 
sphere H, one may consider the conformal structure with respect to the 
Blaschke metric to give H the structure of a simply-connected open 
Riemann surface. As the geometry is derived from the elliptic Monge- 
Arnpere equation ([9]), it should not be surprising that holomorphic data 
on the Riemann surface comes into play. In particular, with respect 
to a local conformal coordinate z, the cubic form, upon lowering an 
index with the metric, is of the form C = U dz 3 + Udz 3 , for U dz 3 a 
holomorphic cubic differential. 

C.P. Wang worked out the developing map for hyperbolic affine 
spheres in R 3 [ 6 Tj. (Much earlier, Ti^eica analyzed a slightly different 
case of non-convex proper affine spheres [58i(59]-) Below, we present a 
synopsis of Wang’s theory, as presented in [45]. 

Let D be a simply-connected domain in C, and let / : T> —> R 3 
represent an immersed surface so that / is conformal with respect to the 
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Blaschke metric. Let z be a conformal coordinate on T>. Let Ft = f(T>) 
be the immersed surface. Then /.,/= span the complexihed tangent 
space TfT-L C, and thus {f,f z ,f z } is a frame of R 3 <g) R C at each 
point of FL. 

Consider /, f z , f z as column vectors, and form the frame matrix 

F=(f,f z J g ). 

Let e^\dz\ 2 and U be a conformal metric and cubic differential re¬ 
spectively on V. Then the structure equation (J7J) is equivalent to the 
following first-order system 

/ 0 0 \ ( 0 0 \ 

(15) F z — F\ 1 ip z “0 , F- Z = F 0 0 Ue~^ . 

\ 0 Ue~* 0 J \ 1 0 ij> g J 

This system of equations is integrable if and only if the following two 
conditions hold: 

(16) ip Z z + \U\ 2 e~ 2 ^ — = 0, 

(17) U-z = 0. 

In this case, if at a point zq ET> initial conditions 

(18) f(zo)e R 3 , fz(z 0 ) = f z (z 0 ), det F(z 0 ) = \ie^ zo) 

are satisfied, then the frame F can be uniquely defined on all of V and 
/ is an immersion of a hyperbolic affine sphere in R 3 with Blaschke 
metric and cubic form (with index lowered by the metric) U dz 3 + 
Udz 3 . Note the integrability conditions can be thought of as the flatness 
condition for the connection D in ([7]). The map / : T> — » R 3 is the 
developing map for the affine sphere, and [/] is a developing map for 
the corresponding RP 2 structure (see e.g. [43] ). We will use more details 
of this developing map below: Given appropriate initial conditions as 
above, the equations (fl5|i become a linear system of ODEs along any 
path from zq in V. The integrability conditions ensure that the solution 
to the ODE initial value problem is independent of paths in a given 
homotopy class. 

The initial value problem is particularly useful in the case the Blaschke 
metric e^\dz\ 2 is complete, as then Theorem 0 above shows the devel¬ 
oped image f(V ) is a hyperbolic affine sphere asymptotic to the bound¬ 
ary of a convex cone C C R 3 and diffeomorphic to a properly convex 
domain D C RP 2 . 

We also consider a Riemann surface £ with universal cover T>. As¬ 
sume £ is a Riemann surface equipped with a holomorphic cubic dif¬ 
ferential U and background conformal metric g. Then if e^\dz\ 2 = e u g, 
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the elliptic equation (fTTfl) becomes 

(19) Aw + 4e -2 “||[/|| 2 — 2e“ — 2 k = 0, 

where A is the Laplacian, || • || is the induced norm on cubic differentials, 
and K, is the Gauss curvature, all with respect to g. 

Theorem 11. Let E be a Riemman surface equipped with a holomor- 
phic cubic differential U and a conformal background metric g. Let u be 
a solution to m so that e u g is complete. For a basepoint z 0 G E and 
initial frame F(zq) satisfying FT&) . we have a complete hyperbolic affine 
sphere /(E) asymptotic to the boundary of a properly convex cone in 
R 3 . Different choices of zo and F(zq) lead to moving /(E) by a motion 
of an element of SL(3, R) acting on R 3 . 

Upon projection to RP 2 , the universal cover E is identified with a 
convex domain 12. Holomorphic deck transformations of H correspond 
to orientation-preserving projective automorphisms of LI. In this way, 
the triple (E,U,e u g) corresponds to a convex RP 2 structure on E. 

Remark. In the case of E closed, this theorem is due independently to 
Labourie and the author [33, [35] 33] • See also [HI]. In this case, exis¬ 
tence of solutions to (fT9j) is also proved and uniqueness is a straight¬ 
forward application of the maximum principle, and thus a properly 
convex RP 2 structure on a closed surface S of genus at least two is 
equivalent to a pair (E, U) of a conformal structure and holomorphic 
cubic differential. 

3.5. Tif.eica’s example. Consider the first octant in R 3 as a convex 
cone. The hyperbolic affine sphere associated to this cone was dis¬ 
covered by TiRica [59] (and generalized to any dimension by Calabi 
[ ID] ). As we will use this example below, we summarize the basics of 
its construction. See e.g. [35] or [20] for justification. 

The hyperbolic affine sphere Fi is equal to the set {(ad, x 2 , x 3 ) : x l > 
0,ada; 2 a ; 3 = 3 ” 2 }. With respect to the induced Blaschke metric, FL is 
conformally equivalent to C. If £ is a complex coordinate on C, the 
Blaschke metric is given by h = 2 \dz\ 2 and the cubic differential is 
U = 2 dz 3 . If z = a + ir, an embedding f of FL is given by 



4. Regular cubic differentials to regular convex RP 2 

STRUCTURES 

4.1. The regular limits. We recall our earlier work in (45] . For every 
pair (E, U) for E a noded Riemann surface and U a regular cubic 
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differential, a regular convex MP 2 structure is constructed on £ reg . In 
particular, if we view £ reg as a punctured Riemann surface, then at 
each puncture, the residue of the cubic differential determines the local 
MP 2 geometry of the end. In particular, we have the following 

Theorem 12. Let £ = £ — {pi,... ,p n } be a Riemann surface of finite 
hyperbolic type, and let U be a cubic differential on £ with poles of 
order at most 3 and residue R, at each puncture pt. Then there is a 
background metric g on £ and a solution u to ITJf) so that e u g is com¬ 
plete. Then for the corresponding convex MP 2 structure on £ provided 
by Theorem Q71 the MP 2 holonomy and developing map of each end is 
determined in the following way: 

For a residue R G C, consider the roots Ai, A 2 , A 3 of the cubic equa¬ 
tion 

A 3 -3(2-5)|R|5A-ImR = 0. 

Then the eigenvalues of the holonomy of the MP 2 structure along an 
oriented loop around pt are given by a 1 = exp(27rAj). When there are 
repeated eigenvalues, the Jordan blocks are all maximal. In the cases 
where the eigenvalues are distinct (hyperbolic holonomy), the bulge pa¬ 
rameter is ±00, with the sign coinciding with the sign ofReR. 

More specifically, there are four cases. First of all if R = 0 , then all 
ai = 1 and the MP 2 holonomy is parabolic, conjugate to 

1 1 0 

0 1 1 

0 0 1 

IfReR = 0 but R 0, then there are two positive repeated eigenvalues 
= a 2 , and the holonomy is quasi-hyperbolic, conjugate to 

( a 1 1 0 \ 

0 «i 0 , a 2 a 3 = 1. 

\ 0 0 o 3 ) 

IfReR 0, then the eigenvalues 01,02, «3 are positive and distinct, 
and so the holonomy is hyperbolic. The holonomy matrix is conjugate 
to 

0 0 \ 

0 «2 0 , aia 2 «3 = 1- 

0 0 a 3 J 

The bulge parameter is ±00, with the same sign as ReR. 

Remark. I11 [35], the bulge parameter is called the vertical twist pa¬ 
rameter. 
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Remark. On a noded Riemann surface equipped with a regular cubic 
differential, the RP 2 structures of the ends pair up to form regular 
separated necks. Consider each node as two punctures glued together. 
Then a regular cubic differential near the node has residues around the 
punctures which sum to zero. Then we may apply the dictionary in 
Theorem [12] to show the RP 2 structures near each puncture satisfy the 
conditions for a regular separated neck as in Subsection 12.41 above. In 
particular, if the residue changes then the eigenvalues of the 

holonomy change by {a,} ha {a” 1 }. In the cases above, if R. — 0 at one 
puncture, the other puncture also has residue 0, and both holonomies 
are parabolic. If Re R = 0 but R ^ 0, then both holonomies are quasi- 
hyperbolic with inverse holonomy type. And finally if Re R ^ 0, then 
the holonomies are hyperbolic inverses of each other, and the bulge 
parameter ±oo ha =foo under R ha —R. 

In the context of the present work, we may summarize the main 
results of [05] in 

Theorem 13. Let (£, U) be a pair of a noded Riemann surface £ and 
a cubic differential U. Then there is a corresponding regular RP 2 struc¬ 
ture on £ reg the type of whose regular separated necks is determined by 
the residue ofU at each node. This map $ from (£, U) to regular RP 2 
structures is injective, and, if a mild technical condition is satisfied, the 
local invariants of the regular separated necks (the holonomy and bulge 
parameters) depend continuously on (£, U) with the topology described 
above. 

Our present work improves this result in many ways: A natural 
topology is described on the space of regular convex RP 2 structures, 
for which $ is shown to be a homeomorphism. <f> is onto. In the 
case of residue 0, this is due to Benoist-Hulin [5], and recently the 
surjectivity of $ is due to Nie [51]. We also construct <I> _1 to prove 
$ is onto. Under the topology on the space of convex RP 2 structures, 
the local invariants addressed in 05] also vary continuously, and so we 
have a better understanding of the geometry of the regular convex RP 2 
structures. We can also remove the technical hypothesis needed in 05] . 
The continuity of $ _1 is novel. 

4.2. Uniform estimates. One of the main steps to construct the RP 2 
structures in 05] is to find sub- and super-solutions to (fT9l) which are 
quite precise near the punctures. These sub- and super-solutions work 
well in most degenerating families of (£, U), except for those in which 
the residue at a node is 0. In this paper, we take a different tack: 
We find sub- and super-solutions which are not particularly precise 
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but which have the virtue of being uniformly bounded in the universal 
curve away from singularities. This allows us to take limits of families 
of solutions without the restrictions above. Then we use a uniqueness 
theorem of Dumas-Wolf [20] to show that the limiting Blaschke metric 
is the one constructed in [|45]. We record Dumas-Wolf’s result here: 

Theorem 14. Let E be a Riemann surface which may or may not be 
compact, and let U be a holomorphic cubic differential on E. Let g be a 
conformal background metric on E. Then there is at most one solution 
u to m so that e u g is complete. 

We remark the proof of this theorem closely follows Wan [bO], who 
studies similar equations for quadratic differentials. The theorems in 
[201 60] are phrased in terms of differential equations on domains in C. 
The theorem as we state it here follows from passing to the universal 
cover of E. 

Recall the finite cover of M. g by {V a } from Subsection 12.71 above, 
and consider the universal curve ir\ C g —> M. g . Let K a = 7r~ 1 V a , and 
let K “ ,reg denote K a with the nodes removed. Recall each V a consists 
of an ( s,t ) neighborhood of a noded Riemann surface E, where the s 
parameters represent by Beltrami differentials z/(s) which are supported 
away from the nodes and which preserve hyperbolic cusp coordinates, 
and the t parameters open the nodes by taking {zu> = 0} to {zw = t}. 

Theorem 15. Let (E j,Uf) —> (E^, Uoo) in the total space of regular 
cubic differentials. Then the corresponding Blaschke metrics hj con¬ 
verge in C°° in the following sense: We may assume the elements of 
the sequence all lie in one V a C M. g . Then the Blaschke metrics hj 
converge in the same manner that the cubic differentials Ui do: 

In particular, there is a fixed noded E so that E j = E S; . jt . with respect 
to the hyperbolic-metric plumbing coordinates. On the thick part of each 
Riemann surface, we require that the Blaschke metrics converge upon 
being pulled back by the quasi-conformal diffeomorphisms induced by the 
Beltrami coefficients so that [( X Sj )~ l ]*hi — > [(x s °°) -1 ]*^oo i n . On 
the cusp and collar neighborhoods, we require that the Blaschke metric 
converges in Cff c with respect to the cusp coordinates z and w. 

Proof. We use the method of sub- and super-solutions. Consider the 
hyperbolic metric kj on E j as a background. In this case, the equation 
for the conformal factor (fTf?D becomes 

(20) Lj(u) = A jU + Ae-^WUjfj -2e u + 2 = 0. 

Note that L g (u ) > 0 always, and we use the hyperbolic metric as a sub¬ 
solution for our equations. In order to find a family of super-solutions 
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Sj, we need to ensure 

Sj > 0, L(Sj) < 0. 

Then we will always be able to find a solution Uj satisfying 0 < Uj < Sj 
everywhere. Note the method of sub- and super-solutions works on non¬ 
compact Riemann surfaces (see e.g. BSD. and it is not necessary to have 
an L°° bound on the difference Sj — 0 of the super- and sub-solutions. 

To construct a family of super-solutions, recall that with respect to 
the metrics rrij on Ej eg , the convergence of (E j,Uj) implies there is a 
uniform constant C so that ||C/j|| m . < C. Write our metric rrij = e^ j kj. 
Then for a constant B , 

LMi + B) = P j ( 4||UIIW 2S - 2e ® - 

Moreover, ([4j) implies the grafting metric g 3 and the hyperbolic metric 
kj are uniformly comparable. By the construction of rrij above, (j)j is 
uniformly bounded on the region of interpolation, > 1 where kj is 
flat, and K mj is uniformly bounded. In particular, this shows (j)j has a 
uniform lower bound, and so for B large enough, <fij+B > 0. Therefore, 
Sj = (j)j + B is a super-solution. 

Sj is a smooth function on each E]) eg . Note that the Sj can be chosen 
to vary continuously as E j changes for tj small (within our coordinate 
neighborhood V a C M g ), but within each N tj neighborhood, Sj varies 
discontinuously for values of \tj\ large enough. This is not a concern, 
however, as the there are still uniform bounds. This follows since for 
\tj\ bounded away from zero, the gj metrics on the hyperbolic collars 
are uniformly equivalent (depending on the bound on \tj\) to the flat 
metrics we glue in to form rrij. In other words, there is a uniform 
positive constant C so that Cgj < rrij < C~ 1 gj. 

With the sub-solution 0 and super-solution Sj in place, there is a 
solution Uj to (120T) satisfying 0 < Uj < Sj. This implies the Blaschke 
metric hj = e Uj kj is complete, since the hyperbolic metric kj is com¬ 
plete. 

Now consider the sequence of Blaschke metrics hj = e Uj kj on El cg . 
It is a theorem of Bers that the hyperbolic metrics kj vary smoothly on 
compact sets of K a,ieg [8j. The uniform local bounds on Sj on A" Q,reg , 
together with interior elliptic estimates, imply that the Uj have locally 
uniform C 2,/3 estimates on each E‘ cg C K a,re g . (See e.g. [43] for the 
elliptic regularity argument.) This implies by Ascoli-Arzela that there 
is a limit (up to a subsequence) in Uj k w on E^ g . Since each 
Uj k > 0, w > 0 as well, and e w koo is complete. Since the convergence 
is C' 2 , c , w satisfies (1201) and so e w k oc is a complete Blaschke metric on 
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Soq. But Dumas-Wolf’s uniqueness Theorem [14] above then shows that 
w = Uoo. Moreover, the same argument shows that every subsequence 
of Uj has a subsequence which converges to in Cf oc . This shows 
Uj —* rioo hi Cf oc (and in C(f c by elliptic regularity). □ 

Since 0 is a sub-solution to (1201) . we have the following 

Proposition 13. Let E be a Riemann surface equipped with a complete 
conformal hyperbolic metric. Let U be a cubic differential over E ; and 
let h = e u k be a complete Blaschke metric for which u satisfies fifCh) . 
Then h> k on E. 

4.3. Convergence of the holonomy. 

Theorem 16. Let (E j, Uj) —> (Eqo, U^) be a convergent family of pairs 
of (possibly) noded Riemann surfaces and regular cubic differentials. 
Consider a family of parametrized smooth loops Cj based at points pj 
in E) eg which converge uniformly to (Too,Poo) on S^ g . Then given a 
choice of a continuous family of initial frames at the basepoints, con¬ 
sider the MP2 holonomy hol ; G SL(3,M). Then hot,- —> holoo up to 
conjugation. 

Proof. The idea of the proof is that since all the loops avoid the nodes, 
we remain in the thick part of the universal curve C g , where we have 
uniform estimates, and convergence, of the cubic differentials Uj, the 
conformal factors Uj and the hyperbolic metrics. Then the conver¬ 
gence of the holonomy will follow from the theory of linear ODEs with 
parameters. 

Consider the Poincare disk T> as a universal cover of Ex so that 
Pi = 0 is a lift of p\ . We may assume all E j for j large enough are rep¬ 
resented in a single neighborhood V a C M. g . Then for each Beltrami 
differential v in the definition of the hyperbolic metric plumbing coor¬ 
dinates, consider the diffeomorphism yf of T> which Exes three points 
(such as 1 ,i, —1) on the boundary dV. Each yf is a lift of the quasi- 
conformal diffeomorphism yf as in Subsection 12.71 above. In this way, 
we can choose lifts pj G V of pj so that p 3 —* p^. Also consider lifts 
Cj based at pj of the loop Cj. Let tj denote the deck transformation 
corresponding to Cj. Then Cj has endpoints pj and ifpj. 

Let Cj : [0,1] —* V be the hyperbolic-geodesic constant-speed path 
from pj to ijpj. Cj and Cj are homotopic, but Cj enjoys better con¬ 
vergence properties: Cj —> C^ in C°°, while Cj —> only uniformly. 

Upon projecting to Ef cg , the image of Cj is a hyperbolic geodesic typ¬ 
ically with a corner at the basepoint pj. The angle 9j at this corner at 
Pj satisfies 0 3 9^, as 9 3 is the angle at i 3 p) 3 between Cj and tjCj. 
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Along any path (fT5l) becomes a linear system of ODEs. In the special 
case (which is possible on some local complex coordinate chart, but not 
on T >) in which there is a deck transformation of the form z ha z + c, 
the solution of an appropriate initial-value problem along the path is 
the RP 2 holonomy. See (45j . The reason for this is that the frame 
F — (/) fzi fz ) remains a frame under the holomorphic coordinate 
change w = z + c, since f z = f w and fz — fw■ For more general paths, 
m defines a flat connection on a rank-3 vector bundle. Around each 
loop, the inverse of the parallel transport map of this connection is the 
RP 2 holonomy. See [2S1 B] for details. 

To compute the RP 2 holonomy along Cj, first lift to the loop Cj 
as above. Since the holonomy is independent of the choice of path 
in the homotopy class, we consider the geodesic path Cj. We first 
solve an initial-value problem for (fTSjl along Cj. Then the values of 
the evolved frame at p 3 and i 3 Pj are not compatible, as we need a 
second and third contribution. The second contribution is this: for 
F = (/, f z , f s ), consider the conformal coordinate w = ijZ. There is a 
discrepancy given by the diagonal matrix D( 1, |h-, |^-). For the third 
contribution, the angle 6 3 shows we must have a similar transformation 
for a conformal coordinate rotation of angle 9j. We will show the RP 2 
holonomy converges by showing these three contributions each converge 
as j —> oo. 

First of all, the fact that each loop C 3 avoids the nodes in the uni¬ 
versal curve C g shows that there is an e > 0 so that Cj lies in Thick e 
inside the noded Riemann surface 'Cj. Since ( Cj,Uj ) —* (Coo,Uoo), 
we have Uj -A Uoo uniformly on the paths Cj —> Coo. The confor¬ 
mal factors Uj for each Blaschke metric, and their Erst derivatives, 
also converge in this way by Theorem [15j Recall the Blaschke metric 
hj = e Uj kj for kj the hyperbolic metric. On V, the union of the Cj for 
j = 1,2,... ,oo is compact, and so there is a 8 > 0 so that they all lie 
in {z : |z| < 1 — 5} C T>. This shows the hyperbolic metric and \dz\ 2 
are uniformly bounded in terms of each other on the Cj, and so for 
hj = e^ j \dz\ 2 , ipj and its first derivative converge uniformly as j —)■ oo. 
As these cover all the terms in the coefficients in (TT5]h the theory of 
linear systems of ODE’s with parameters shows that the solutions to 
the appropriate initial-value problems converge as j —> oo. 

For the second contribution, note that i 3 is determined by the hy¬ 
perbolic geodesic between the endpoints f>j and L 3 p 3 . The convergence 
of Lj —> too then follows since pj -P- poo and Ljpj —> Ljpoo■ Finally, for 
the third contribution, we have already shown 6j —>■ Ooo■ Thus the 
holonomy converges as j —> oo. □ 
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4.4. Convergence of the developing map. The convergence of the 
developing map as (E j,Uj) —> (Ego, Coo) is a little trickier, as it is 
necessary to consider paths that go to the boundary of the universal 
cover, and thus the standard theory of linear systems of ODE’s with 
parameters does not directly apply. Our proof is similar to Dumas-Wolf 
([20]. the proof of Theorem 8.1). 

Theorem 17. Let (E^, Uj ) —* (Eqo, Coo) be a convergent family of pairs 
of (possibly) noded Riemann surfaces and regular cubic differentials. 
Let pj e E) cg and let pj —> poo £ E^ g . Consider the connected compo¬ 
nent o/E) cg containing pj, and take a universal cover of this component 
to be the unit disk V, with a lift of pj placed at 0. Let f/ C RP 2 be 
the convex domain determined by projecting the complete affine sphere 
determined by the initial value problem m with a fixed initial frame 
from R 3 to RP 2 . Then flj —>■ floo in the Hausdorff sense. 

Proof. We need to prove that for each e > 0, there is a J so that for all 
j > J, Q n C N e (Q oo) and floo C N e (Qj), where N e is an e-neighborhood 
with the respect to the Fubini-Study metric on RP 2 . 

Let Fj(z ) denote the frame for z G V corresponding to (Ej,Uj) 
as above. Then the component fj(z) is the parametrization of the 
hyperbolic affine sphere in R 3 , and [fj(z)] is the projection to RP 2 . 
For R < 1, consider the closed disk centered at the origin B(R) C T>. 
Choose R so that Q C N e / 2 ([foo](B(R))). 

Now for 2 G B(R), Fj(z) can be determined by a linear system of 
ODE’s given by integrating the frame along a radial path path from 
0 to z. As above in the proof of Theorem [161 the coefficients of these 
ODE systems on the compact set B(R) converge uniformly as j —> oo. 
Therefore, the theory of linear ODE systems with parameters shows 
Fj —> Foo (and thus [ fj] —> [/oo]) uniformly on B(R). So there is a J 
so that for j > J, 

{f n ](B(Rj) c JV e/2 ([/J(S(lJ)) C Af. /2 ([/J(I>)) = J V, /2 (%), 
and thus Doo C N e (Llj). 

To prove the opposite inclusion, we consider the dual hyperbolic 
affine sphere, which has the same metric e Uj kj on E j and the opposite 
cubic differential — Uj , by Theorem [6] above. Now we can lift the data 
to the universal cover T> as above, and consider an appropriate initial 
frame to form the dual hyperbolic affine sphere and projective dual 
convex domain. Then the previous case implies there is a J so that if 
j Z / then 


n* c N e (n*). 
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But then Lemma [9] implies that 

ft 3 (-/V e (ft*))* z> 7V e #(ftj), 

where e' —> 0 if and only if e —> 0. This follows from the continu¬ 
ity under the Hausdorff distance of the projective duality of uniformly 
bounded convex domains which contain a fixed ball. This in turn im¬ 
plies (for convex domains) that there is an e" which approaches 0 if 
and only if e does so that 

ftj C fV £ »(ftoo) 

for j > J. This is enough to prove the theorem. □ 

5. Regular convex RP 2 structures to regular cubic 

DIFFERENTIALS 

5.1. The singular limit cases. In this subsection, we show the regu¬ 
lar convex RIP 2 structures each correspond to a pair (E, U) of a noded 
Riemann surface E and regular cubic differential U on E. It suffices 
to consider each connected component of E reg separately. Consider a 
connected oriented properly convex RP 2 surface each of whose ends is 
regular. Then use the hyperbolic affine sphere to construct a Riemann 
surface of finite type and regular cubic differential so that the RP 2 ge¬ 
ometry of each end corresponds to the residue of the cubic differential 
as in Theorem [12] above. The results in this subsection are also recently 
due to Nie [31], using similar techniques. We include our version, as 
we fold the material both short and instructive. 

Consider a single end £ of A". We proceed by considering the four 
cases of regular ends separately. 

Theorem 18. [5j Let £ be an end of parabolic type. Then with respect 
to the Blaschke metric, £ can be conformally compactified by adding a 
single point. The cubic differential U has at worst a pole of order 2 at 
this point, and so the residue is 0. 

This case is settled by Benoist-Hulin [5], who prove that the confor¬ 
mal structure at the end can be compactified by adding a single point, 
and that the corresponding cubic differential U has a pole of order at 
most 2. In our language, this corresponds to the residue’s being 0. 
To be more specific, Benoist-Hulin consider convex RP 2 surfaces with 
finite area with respect to the Hilbert metric, which Marquis [08] has 
proved are equivalent to having a finite number of ends each with par¬ 
abolic holonomy. Thus [5] is concerned with convex RP 2 surface all 
of whose ends are parabolic. But the techniques used to analyze each 
end are essentially local, and apply to each end separately, and indeed 
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they prove that each such end has finite conformal type and has cubic 
differential with residue 0. 

Proposition 14. Let £ be a regular end of quasi-hyperbolic type, or 
of hyperbolic type with bulge parameter ±oo. Then there is a family of 
loops L s around £ which depend on a parameter s —* 0 + so that 

• L s uniformly approaches the end as s —» 0 + . More precisely, 
represent £ as homeomorphic to a closed half-cylinder [0, oo) x 
S 1 . Then for every compact K C £, there is an e > 0 so that if 
s < e, L s fl K = 0. 

• There is a family of elements M s e SL(3, R) so that M s fl —>• T 
in the Hausdorff topology as s —^ 0 + and M s L s lies in a compact 
subset of T for s small enough. Here T is a triangle in RP 2 . 

Proof. The proof is broken into 3 cases. 

First, we consider the case in which £ is of hyperbolic type with bulge 
parameter — oo. Choose a based loop £ in X freely homotopic to a loop 
around £, and coordinates on RP 2 so that the SL(3, R) holonomy along 
a lift £ of £ is represented by H = D( A, /i, u) so that A > /i > v > 0 and 
Xp,u = 1. Let T denote the principal triangle given by the projection of 
the first octant in R 3 to RP 2 . Note the vertices of T are the fixed points 
of H, and since the bulge parameter is — oo, we may assume fl the image 
of the developing map of A", is contained in T and the boundary of fl 
contains the principal geodesic £ = {[£ 0,1 — t\ : 0 < t < 1}. For p = 
[l,s, 1] as s —» 0 + , consider the lift of a loop L s = {H l p : t £ [0,1)}. 
Let M s = D(s3 , s~s, s 3) so that M s acts on the hyperbolic affine sphere 
TL by sending p to [1,1,1]. For t <E [0,1), we have M s H l p = [1,1,1] H*. 
Thus the limit of of M S L S lies in a bounded neighborhood of [1,1,1] 
in T. 

Since <9fl contains the principal geodesic f, He T, and fl is convex, 
M s fl —> T in the Hausdorff topology as s —» 0. One can see this by 
noting £ is fixed by M s , and all other points in fl approach [0,1,0] as 
s —y 0A The interior of the convex hull of £ and [0,1, 0] is T. In fact, 
M s fl increases to T as s —* 0 + . See Figure |3] 

The second case is of hyperbolic holonomy H with bulge parameter 
Too. In this case, we choose coordinates so that the convex domain fl 
contains T, £, and a proper nontrivial subset of T. Consider the point 
p — [s, 1, s] e T as s —> 0 + . Consider the map M s = D(s~3,s3,s~3), 
which sends p to [1,1,1]. As s —* 0, the action of M s is essentially a 
bulge parameter approaching —00. Since fl DT is bounded away from 
[0,1, 0], we see that M s fl —* T as s —* 0. 
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Figure 3. 



Figure 4. 

Moreover, as s — * 0, p —> [0,1, 0] G <9fl, and the points in the lift of 
the loop L s = {H l p : t G [0,1)} approach H l [0,1, 0] = [0,1, 0]. Thus 
the family of loops do approach the end as s —* 0. Also, MgWp —>■ 
H* [1,1,1]. Since t G [0,1), lim s _> 0 + M s L s lies in a compact subset T. 
See Figure HI 

The remaining case is that of quasi-hyperbolic holonomy. It is a 
bit different, in that the dynamics do not involve a principal triangle. 
Nevertheless, we analyze this case in terms of T as well. We may assume 

1 °\ 

the holonomy matrix H = 0 A 0 , with A, ji positive and \ 2 p = 

\ 0 0 h ) 

1. Assume without loss of generality that A > p (otherwise, we could 
analyze H~ l similarly). Then the fixed points of H are the attracting 
fixed point [1,0,0] and the repelling fixed point [0,0,1]. Consider the 
geodesic i = {[t,0,1 — t] : t G [0,1]}. The proper convexity of 
and a simple analysis of the dynamics of H imply that we can choose 
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[1,0,0] i [0,0,1] 



Figure 5. 

coordinates so that <912 fl {[x, y, z] : y — 0} = l and 12 C {[x,y,z] : 
V,z> 0}. 

As above, we consider p — [l,s, 1] G 12 as s —» 0 + , and note 

_ ]_ 2 1 

linig^oP = [1,0,1] G <912. Then the map M s = D(sz, s~3 , ss) takes 

p to [1,1,1]. Moreover, as s — * 0 + , M s 12 —* T in the Hausdorff sense. 

This can be seen because i is hxed under the action of M s . Moreover, 

for every q = [x, y, z\ G MP 2 with y 0, the orbit M s q is a straight line 

approaching [0,1, 0] as s —> 0. This implies that any point q G 12 which 

is e-close to 1 remains e-close to T under the action of M s as s — * 0 + . 

On the other hand, there is a a > 0 so that if 0 < s < a, and r G 12 is 

not e-close to 1, then M s r is e-close to [0,1,0]. Thus all points of M s 12 

are within e of T for s small enough. 

Consider a family of loops L s = {H l p : t G [0,1)} which uniformly 

approaches <912 as s —» 0 + . Compute 

M s H t p= [A 4 + stA i_1 , A*, //] [A 4 , A*,//] 

as s —y 0. This shows that the closure of lim S ^ 0 M S L S is compactly 
contained in T. See Figure E] 

□ 

Proposition 15. Let X be a convex MP 2 surface. Let S be a regu¬ 
lar end of X of quasi-hyperbolic type, or of hyperbolic type with bulge 
parameter ±oo. For the cubic differential U and Blaschke metric h, 

the norm squared \\U\\ 2 h approaches the constant | uniformly at the end 

2 

E. Moreover, the metric \U\z is a flat Riemannian metric which is 
complete and has bounded circumference on £. The induced conformal 
structure of the end can be compactified by adding a single point. 

Proof. Under the previous proposition, we know that M s 12 —>■ T in 
the Hausdorff topology. Then Theorem [U] applies to show the Blaschke 
metric and cubic tensor on M s 12 converge to those on T in Cff c . We 
know by Subsection 13.51 above that the norm squared \\U\\1 = \ on 
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T, and so on each compact subset of T, the same quantities on M s 12 
satisfy lim s _> 0 \\U\\ 2 — By our construction of M s , such a compact 
set K c T pulls back to Mf l K, which approaches a lift of the end £ 
in 12. This shows ||f/||2 —> | uniformly approaching the end £ on X. 

This implies that there are no zeros of U in a neighborhood of £. 
Also, the Blaschke metric h is complete by Theorem [5] Then ||[/|| 2 = 
\U\ 2 h~ 3 —> which shows that \ll \3 is complete at £. Away from the 
zeros of U, \U\s is a flat metric, and thus \U\3 is a flat metric on £ 
which is complete at the end. 

Since the loops L s from the previous proposition converge to the end 

and the M s L s lie in a compact subset of T for s near 0, the length 

with respect to the flat metric \U\3 (or the Blaschke metric h ) of L s 

2 

remains bounded as s —> 0. This shows the \U\ 3-circumference of the 

£ is bounded. Since the metric is flat and complete, the circumference 

must be constant. I11 fact, by considering the Euclidean developing 
2 

map of (£, |C/| 3), we find it must be a flat half-cylinder. This flat half- 
cylinder can be conformally compactihed by adding one point, as one 
can choose a conformal coordinate z so that \U\s — C \z\~ 2 \dz\ 2 for a 
constant C and 0 < \z\ < 1. □ 

Proposition 16. Let £ be a quasi-hyperbolic end, or hyperbolic end 
with bulge parameter ±00 on a convex RP 2 surface. At the puncture 
on the Riemann surface induced by the Blaschke metric h, the cubic 
differential U has a pole of order exactly three. 

2 

Proof. Dumas-Wolf show that the completeness of I/| 3 implies U can¬ 
not have an essential singularity at z = 0 [SIB Lemma 7.6] (see also 
Osserman H). Moreover, the completeness implies U has a pole of 
order at least 3. The finite circumference then shows that the pole 
order of U is at most 3. □ 

Theorem 19. Let X be a connected oriented properly convex MP 2 sur¬ 
face of genus g and n ends, so that 2g + n > 2. Assume the MP 2 
structure of each end is regular. Then conformal structure E induced 
by the Blascke metric on X is of finite type, and the induced cubic dif¬ 
ferential U has poles of order at most 3 at each puncture of £. The 
residue of U at each puncture corresponds to the MP 2 structure of the 
end as in Theorem\TE above. 

Proof. The case of parabolic holonomy was settled by Benoist-Hulin’s 
Theorem [18] above. 

Denote the conformal structure by £. For the other cases, we have 
shown that they each lead to a regular cubic differential U of pole order 
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3. We proved in [T5j that given such a pair (£,[/), we can construct 
from a background metric the complete Blaschke metric h , and also 
integrate the equations to determine an RP 2 structure X of the surface. 
On A", the residue of the corresponding cubic differential determines the 
holonomy and bulge parameters of the end as in Theorem fl2l Theorem 
M shows h — h and, as the RP 2 structure is determined by (£, U, h ), 
the ends of the RP 2 structure X conform to Theorem |T21 □ 

5.2. Convergence in families. This paragraph contains an overview 
of the present subsection. In order to show convergence of (Ej,Uj) 
given the convergence of the corresponding regular convex RP 2 struc¬ 
tures, we rely on the thick-thin decomposition of hyperbolic surfaces. 
We consider convergent Benzecri sequences (Qj,Xj) —* (0,x). If the 
Xj (subsequentially) converge to the thin part of moduli, then the hy¬ 
perbolic length from Xj to a bounded sequence in the thick part must 
diverge to infinity. Thus the Blaschke length does the same by Propo¬ 
sition [13] Thus Proposition |TT] shows O must remain “disjoint” from 
the limits of the thick part. On the other hand, if Xj remains in the 
same component the thick part, we use the fact that each such com¬ 
ponent has bounded diameter. We also derive uniform estimates on 
the norm of the cubic differentials Uj in this case, and so we also get 
uniform bounds on the Blaschke metric and its derivatives on the thick 
part, including near x y These uniform bounds show that we can use 
the ODE theory as in Theorem [17] to control the RP 2 developing map 
near x r These sequences will converge subsequentially, and we can use 
the uniqueness results to show that all convergent subsequences must 
converge to the same limit (Eoo, U 0 c ). 

Qg US is a stratified space with strata Q c s for c G C\S). The closure of 
each stratum 

61= List 

dDc 

The lowest strata Qg, in which c splits S — c into a disjoint collection 
of pairs of pants, are closed. Thus, by considering subsequences, we 
may assume the limit either remains within one stratum or the limit 
point is on a smaller stratum (by separating one or more necks). This 
means that in considering limits of sequences in Q'g' s , we may consider, 
by taking subsequences if necessary, only the case of elements of Q c s 
approaching a limit in Qg Uc for d and c fixed disjoint sets of free homo- 
topy classes of simple loops satisfying d U c G C(S). In particular, we 
may focus precisely on separating the necks in d. 

For the case of families, consider a family of regular convex RP 2 
structures converging in TZ a ^ e . The associated unmarked conformal 
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structures must converge (subsequentially) in A4 g , as it is compact. 
Our first task is to show that this subsequential convergence can be 
extended to the regular cubic differentials as well. For a convergent 
sequence in 7Zf us , we consider by Lemma [3] convergent sequences of the 
form 

The induced conformal structures given by the Blaschke metric asso¬ 
ciates to each pair (Qj, a conformal structure. We then attach 

the separated necks by adding a node to attach the ends of the Rie- 
mann surfaces. Thus we have a sequence Ej of noded Riemann surfaces. 
Since Ms is compact, there is a convergent subsequence E Jr 

For the cubic differentials, we have by Theorem [9] that the norm- 
squared of the cubic tensor with respect to the Blaschke metric con¬ 
verges in C™ c . We can also prove the following universal bound 

Proposition 17. Let S be an oriented surface of genus g > 2. Con¬ 
sider a convergent sequence in lZff s . Assume, by possibly taking a 
subsequence, that the associated conformal structures Ej converge to a 
limit Eqo in M g . Assume Eoo is an element of the chart V a as above 
in Subsection \ 2. 7[ In terms of the metrics mff, there is a constant C 
so that the cubic differentials Uj satisfy \\Ufl < C for all j large. 

Proof. First of all, the convergence in 7^ ug implies by Lemma [3] that 
we may lift to a convergent sequence in Qf us . Let n be the number 
of connected components of the regular limit MP 2 surface. Assume, 
by taking subsequences, that all the surfaces in the sequence lie in 
the same stratum of Qg US . In particular, assume that the surface S 
is the disjoint union of a set of loops c G C(S ) and open subsurfaces 
Si,..., S n . Along each loop in c, there is a regular separated neck, and 
for k = 1 ,n, there are pairs (f^r^) of properly convex domains 
and discrete subgroups of SL(3,M) acting on the domains so that the 
quotient L’-'Xfff is diffeomorphic to Sk■ Moreover, the induced projec¬ 
tive structure at each end of an Sk is regular and is paired appropriately 
with another end of an Sj. to form a regular separated neck. 

In the limit as j —» oo, we may have more necks being separated. 
Consider a set of homotopy classes of loops d so that d and c are disjoint 
and d U c G C(S). We will separate the necks along d. For simplicity, 
we only consider the case of a single loop in d which separates Si into 
two pieces So and 5j. In this case, we have Pj,<Jj G SL(3,M) so that 
PjifA), r]|cj 0 ) -> ( 0,G) and rj)^) -)• ( U,H ), so that S 0 and fA 

are diffeomorphic to G\0 and H\U respectively. 
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In particular, pjQj —* O in the Hausdorff topology. Theorem [T9] im¬ 
plies that ( O , G ) is topologically conjugate to a non-clcmentary bnitely- 
generated Fuchsian group of the hrst kind. In particular, there is a 
diffeomorphism 0: O — > T> for the Poincare disk T> so that 0 o G o 0 _1 . 
Moreover, the Riemann surface (0 o G o 0~ 1 )\X? has hnite hyperbolic 
area. Consider the Dirichlet domain, which a convex ideal polygonal 
fundamental region V for 0 o G o 0^ x with hnitely many sides and for 
which each ideal vertex corresponds to an end of the quotient surface 
So; see e.g. [3]. Let K C O be a compact set large enough so that 
all of V outside neighborhoods of the ideal vertices is in the interior 
of cf>(K ). Theorem [9] implies the Blaschke metrics and cubic tensors of 
Pjfl^ converge on K in C°° to those on O. 

Upon passing to the quotient surface So, the convergence on K de¬ 
scends to the quotient surface to show Cff c convergence of the Blaschke 
metrics and cubic tensors on S'o outside the ends (which are topological 
annuli). The same sort of convergence is true on Sj and all the other 
connected components of S' — (dUc). On all of S', then, there exist dis¬ 
joint annular neighborhoods Ak, one for each homotopy class of loops 
in d U c, so that the Blaschke metrics and cubic tensors converge in C°° 
on S - U k A k . 

By our assumption, the necks in d are precisely those which are 
conformally pinched as Sj —> S^. So we may assume each Ak contains 
the thin part of each collar neighborhood in Sj. In other words, there 
is an e > 0 so that Sj — A kAk C Thick e . The Blaschke metric, the 
hyperbolic metric, and the modified metrics m a are thus all uniformly 
equivalent (depending on e) on Sj — U kAk- Therefore, the uniform 
convergence of the cubic tensors and Blaschke metrics on Sj — U kAk 
implies the uniform convergence of ||t/jH m a ,3 on S^ — U kAk- So for 
large enough j, there is a uniform bound on HUjUma.j when restricted 
fo Sj U kAk- 

The next lemma shows this uniform bound can be extended to a 
uniform bound of 11TT,-11 on all of S) og . □ 


Lemma 18. Let S be a noded Riemann surface represented by a point 
in V a C M. g with metric m a . Let U be a regular cubic differential 
on S. Let Ak be a collection of disjoint sets of the following forms: 
either 1) an annular subset of S or 2) a neighborhood of a node which 
is homeomorphic to {zw = 0 : |z|, |w;| < 1} with respect to the plumbing 
coordinates. Assume Ak contains a component of the locus where the 
m a metric is flat. Then there is a constant C depending only on the 
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genus so that for all x E E reg , 

\\U(x)\\ ma < C sup{||L/(z)|| m a : z g E reg - U k A k }. 

Proof. See e.g. [66J EZ]. For simplicity, we consider the case of a single 
domain A. 

We consider two cases. First of all, let A be an annulus. If A is 
equal to T = {£ : m a = (2 logc)~ 2 \d£\ 2 }, then the m a metric is flat on 
A. For the quasi-coordinate £ = log z, we have m a = 2(logc) _2 |d£| 2 . 
Thus \\U\\ ma is, up to a constant, the same as \U\, for U represented 
locally as U d£ 3 . Thus the maximum modulus principle implies that 
sup{||£/(:r)|| m c* : x E A} < sup{||f/(a;)|| m c« : x E dA}. 

On the other hand, if the annulus A is not contained in T. then 
outside this set, the metric m a is uniformly equivalent to the hyperbolic 
metric. Thus if we attempt to extend the flat metric (2 logc)^ 2 |d£| 2 
to all of A, the hyperbolic metric differs from the flat metric by a 
conformal discrepancy whose size depends is bounded by a function 
only of the hyperbolic distance to the flat part, as the metric is given 
by (EJ) above. The universal bound on the hyperbolic diameter on the 
thick part (see e.g. p. 9 in Wolpert |66j) then provides the constant C 
as needed. 

The remaining case is in which A is a neighborhood of the node the 
regular part of which is two punctured disks. If A is exactly the locus 
T in which m a = 2(logc)~ 2 |dfj 2 , the maximum of ||C|| m a must occur 
at the boundary. Moreover, the asymptotic value ||f/|| m “ at the node 
when z = w = t = Ois equal to \R\ ■ | logc| 3 , where R is the residue of U 
and c is a uniform constant. But R is determined by a Cauchy integral 
formula for U integrated along the boundary of the disk. Thus in this 
case, we have the same sort of bounds as above. The analysis involving 
the hyperbolic distance is also valid by (J2]) above, and we may produce 
the uniform constant C needed. □ 

Now as the cubic differentials remain uniformly bounded in the m QJ 
metrics, they subsequentially converge to a regular limit (E j,Uj) -E 
(Eoo, Coo) (ignoring the subsequence in the notation). Then Theorems 
[IB1 and ED above imply that (0^-, Tj 1^) —> (Ok,Gk) for k = l,...,n, 
where n is the number of components of E^ g . Let {E^} denote the 
corresponding components of E^f. 

We investigate these regular limits of convex MP 2 structures. Assume 
again that the regular convex MP 2 structures lie in a single stratum, 
in which the surface S is already separated into pieces as S' — c for 
c E C(S). Then additional necks may be separated by choosing d 
disjoint from c and d U c C C(S'). We consider a single connected 
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component S\ of S — c, and let Sk be a connected component of S\ — d. 
In this case, we have (fX^r.,) so that I \,\fX,' is cliffeomorphic to Si 
and (Qj, FjU ) — > (O, G) with G acting properly discontinuously and 
discretely on O so that the quotient is cliffeomorphic to Sk- We will 
prove any other limit is equivalent up the the action of SL(3,M) and 
the mapping class group. 

First of all, recall that, given a basepoint in Sk, the fundamental 
group of the open subsurface Sk of Si can be represented as a conju- 
gacy class of subgroups of 7 r 1 S' 1 . We have shown above that we may 
pick one element of this conjugacy class to represent Y 3 | § as a sub¬ 
representation ofT r If we further characterize the boundary of Sk C Si 
to be given by a collection of principal geodesics, then we may choose 
the image of the developing map f } k as a subset of Ylj on which 

acts so that the quotient F^-G \Q/ is diffeomorphic to Sk with principal 
geodesic boundary. Goldman’s Theorem [2] then shows that the surface 
Si is reconstructed from gluing the subsurfaces Sk together in a stan¬ 
dard combinatorial way, which we detail in the next three paragraphs. 
In the three paragraphs which follow, we suppress the dependence on 
the index j in our sequence of domains. 

We can represent Si as the disjoint union of open subsurfaces Sk, 
k = 1, ... ,77i and free homotopy class of loops t % G c. Combinatorially, 
we may represent Si as a connected graph with nodes Sk and connected 
by edges G- Now consider an image of the developing map fl k for each 
Sk- Then we follow Goldman [25] to reconstruct the image hi of the 
developing map of Si from many copies of the Yl k . Begin by analyzing 
a single loop G which connects Si to S 2 - Fix hT and pick a lift b C dYl 
of G- Then choose 7 G SL(3,M) which acts on fT by a hyperbolic 
action on the principal segment b. Similarly, there is a p G SL(3,M) so 
that the closures hi 1 D pfl 2 = b and IT U pfl 2 is convex. We may repeat 
this attaching process along all copies of G hi order to glue Si and S 2 
along G- Then this process can be repeated for all the other copies of 
the same principal segment, which can be enumerated by 5b for 5 in 
the coset space T( 717 Si)/( 7 ). (We have assumed in our notation that 
Si / G- The case in which Si — S 2 , and thus S) is attached to itself 
across G, is essentially the same.) 

We repeat this process with other loops in d, and then describe 
as a disjoint union of copies of fG,..., Q m and lifts of loops in d. The 
combinatorial structure of this union can be described by an infinite- 
valence tree, with each vertex corresponding to a copy of Q k and each 
edge corresponding to a lift of a principal geodesic segment across which 
the two domains represented by the vertices are attached. The fact that 
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this graph is a tree is a consequence of the injectivity of the developing 
map [25]. For D 1 as in the previous paragraph, there is one adjacent 
edge for each 5 G T (717 Si)/( 7 ), which corresponds to the principal 
geodesic segment 5b. The other vertex of this edge corresponds to 
the domain 5pUt 2 . (If there are other loops in c which border 5j, then 
there will be corresponding edges from D 1 as well.) Denote the domains 
represented by vertices in the graph by O^. Each Oi = akl k for a G 
SL(3,M) and 1 < k < m. 

Now we consider the action of T 1 on D. T 1 acts on the sub-domain 
D 1 . For / the identity matrix, we have 

Lemma 19. • 7 G r 1 ( 7 TiS'i) — {/} acts on the boundary segment 

b of D 1 if and only if 7 is a hyperbolic action on the principal 
geodesic segment b. 

• 7 G r 1 ( 7 TiS'i) — {/} acts on Oi if and only ifOi is adjacent to D 1 
and 7 is a hyperbolic action on the principal geodesic segment 
separating D 1 and Oi. 

With this combinatorial picture set up, we assume (Qj, 

(O, G) so that G\0 is diffeomorphic to S'*,. 

Recall Benzecri’s compactness theorem [7], that for every sequence 
for Qj properly convex and Xj G Utj, that upon passing to a 
subsequence, there are pj G SL(3, M) so that pj(Qj,Xj ) —> ( 0,x ) in 
the Hausdorff topology. We analyze our limits of (IL,-, rj|s fc ) in terms 
of these Benzecri limits of pointed convex domains. Recall that the 
surface Si has genus g and n punctures, where g + 2n < g the genus of 
S. In order to analyze the limits, we consider the conformal structure 
induced by the Blaschke metric on as an element of the compact 

space Mg, n , and then consider sequences of points in the corresponding 
universal curve. 

Consider a convergent sequence in Benzecri’s sense (fl,-, Xj) —> (0, x). 
By taking a subsequence if necessary, assume Xj converges in the uni¬ 
versal curve Cg )U . Denote by Rj the noded Riemann surface containing 
x r 

Proposition 20. Up to the actions o/SL(3,M) and the mapping class 
group, there is exactly one limit of the sequence of pairs , r^-1 ^) for 
each k. 

Proof. Consider a convergent Benzecri sequence (Ulj,Xj) — > ( U,x ). By 
choosing a subsequence if necessary, we consider two cases, as in Lemma 
[7] above. 

First of all, consider the case in which [xf\ converges to a node or a 
puncture in Cg tU , where [xf\ denotes the image of Xj in the Riemann 
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surface conformal to the quotient equipped with the Blaschke 

metric. In this case, as follows from Subsection 12.71 above, hyper¬ 
bolic geodesic balls of fixed radius centered at [x 3 \ are all contained in 
cusp/collar neighborhoods in Rj. Since the Blaschke metric is bounded 
from below by the hyperbolic metric (Proposition fT3l) . the same is true 
of geodesic balls with respect to the Blaschke metrics on Tj\Qj. In 
fact, the Blaschke distance from Xj to any point in the thick part of 
Rj has an infinite limit as j —> oo. Then Lemma [TUI implies that, for 
every Sj G r,,j 5^(717 S'*.) — ( 7 j), the Blaschke distance from Xj to 5xj di¬ 
verges to inhnity, where 7 j is the projective holonomy around the neck 
determined by cusp/collar neighborhood. Proposition fill implies that 
Tj\s k cannot converge to act on the limiting domain U. This rules out 
this case. 

Second, consider the case in which [x 3 \ converges to a limit in Cg >n 
which is not a node or puncture, then for all large j, the [x 3 \ lie uni¬ 
formly in the thick part of the Riemann surfaces Rj. Now if the [x 3 ] 
lie in a different connected component of the thick part of Rj from S'*,, 
then the same considerations as in the previous paragraph apply to 
rule this out. 

Therefore, we may assume that [x 3 \ converges to a limit in Cg 31 so 
that [xj] is in a component of the thick part of the Rj which overlaps 
with Sk- Recall that we have already taken a subsequence to show 
(Sj,f/j) — > (Soo, Uoo) and that this convergence by Theorems fl6l and 
[17] implies the convergence of (Qj, Tjj^ ) —* (0,G). The proofs of 
Theorems [T 6 ] and [17] show that we may fix diffeomorphisms (f)j : flj —>• T> 
so that T> is the Poincare disk, (f)j is conformal with respect to the 
Blaschke metric, 0~ 1 (O) lies in each Qj, and 0^(0) G O. We may 
rephrase our assumption to state that [xj\ lies in the same component 
of the thick part as [0J 1 (O)]. 

But there are uniform bounds on the hyperbolic diameter of con¬ 
nected components of the thick part of Riemann surfaces. See e.g. [65] , 
page 9. In particular, the hyperbolic distance from [x 3 \ to [0J 1 (O)] is 
uniformly bounded by a constant C. Therefore, we may consider a lift 
Xj of [xj\ so that the hyperbolic distance from 0 to 4>j(xj) is bounded 
by C. Passing from Xj to Xj corresponds to the action of an element 
Pj G Tj | s k ■ See Subsection 12.41 above. Lemma flHl above shows the cubic 
differentials Uj on Rj are uniformly bounded with respect to the m aJ 
metric. Moreover, on the thick part, the hyperbolic metric and the 
rn a ' J metrics are uniformly equivalent, and the conformal factors Uj of 
the Blaschke metrics are uniformly bounded in the C 1 norm. 
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Choosing an appropriate initial frame, we may integrate the struc¬ 
ture equations for the affine sphere as in Theorem [T7] to show that the 
limit Xoo G O and, as the previous paragraph shows the coefficients of 
the relevant ODE system are uniformly bounded, x 3 —> (up to a 

subsequence). Now we already have assumed that (Qj, x 3 ) converges 
to (U, x) in the space of pointed convex domains in RP 2 modulo the 
action of SL(3,R). We have just shown that a subsequence (Dj,, x 3i ) 
converges to (0,x 0 c ). The Benzecri space of pointed properly con¬ 
vex domains in MP 2 modulo SL(3,R) is Hausdorff [7j; thus there is a 
pe SL(3, R) so that (U,x) = p(0,Xoo). Moreover, every subsequence 
of (Qj,Xj) itself has a subsequence converging to (U, x) in the Benzecri 
sense, and so we fold (0^, x 3 ) — * (0,x oo) up to the action of SL(3,R). 

To address the convergence of the representations Y 3 \ g k , recall that 
an element of SL(3,R) is determined by its action on 4 points in gen¬ 
eral position in RP 2 . Luckily, the estimates we have proved are strong 
enough to control the geometry of a uniformly large neighborhood of 
Xoo, and points in this neighborhood will serve as our 4 points in gen¬ 
eral position. In particular, as j —¥ oo, we have a neighborhood J\f 

of 4)^} (iioo) in the Poincare disk V, and uniform estimates on A f of 

the cubic differentials Uj , the conformal factors Uj , and their deriva¬ 
tives. (Proof: We have shown above that there is a uniform e so that 

[xj] G Thick e for j = 1, 2,..., oo. This shows there is a uniformly 

large neighborhood A f around x 3 for j large so that the projection of 
A f to E) cg is contained in Thick e / 2 - See e.g. Lemma 1.1 in [66] for a 
justification. On the thick part, we have uniform bounds on Uj, Uj and 
du 3 .) 

Upon choosing a suitable initial frame, the diffeomorphism 0J 1 : 
D —» Qj is constructed by solving the ODE system (ITSlh choosing the 
component / of the frame F, and finally projecting from R 3 —» RP 2 . 
The uniform estimates on J\f imply that there are open sets A and B so 
that 0QO 1 (t'oo) Gdc A/", Xoo G B C 0oo(A^), and for all j large, x 3 G B, 
tpj (x 3 ) G A, 4>j and its derivatives are bounded on A, and 0J 1 and its 
derivatives are bounded on B. (This is just a quantitative version of 
the Inverse Function Theorem.) 

We assume Pj(Ylj, T 3 \ s k ) —> ( O , G), and we have shown that there is 
a sequence x 3 G flj so that Pj(x 3 ) — > x G O (this x is referred to as Xoo 
above), and x 3 is in the same connected component of the thick part 
of r j\Ylj as Sk is (this follows from the uniform estimates on A and 
B in the previous paragraph). Absorb the p 3 into the notation for St 3 
and Pj | s k , so that (O^, | s k ) —> (O, G ) and x 3 —> x. Let 7 1 ,..., 7 ™ be 
generators of G. 
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Let x a = x,x b ,x c ,x d be in general position in O, and assume that 
they are in a small neighborhood of x. In particular, for p G {a, b, c, d}, 
let K p be the convex hull of {x a , x b , x c , x d } — {;c p }. Assume for a 
choice of an affine coordinate patch in RP 2 that there are six open 
disks D a , Db, D c , Dd, Do, D 3 so that 

• The closure D p is contained in the interior of K p , 

• D 2 C O and each x p G D 2 , and 

• OcD 3 . 

Then for j large, all these points x a , x b , x c , x d will be in the same con¬ 
nected component as Xj of the thick part of Tj\Qj (this is a consequence 
of the Inverse Function Theorem argument above). As Lj | s k G, let 
7 ) G Tj| s k converge to 7 * for i — 1,..., m as j —> 00 . For large j, the 
qj,..., 7” 1 still generate Y 3 |$ k ■ Then the set { 7 * x p : i — 1,... ,m',p — 
a,b,c,d } determines the generators of T^k and thus also the group 

Fjk itself - 

Now we prove the uniqueness of G (up to a possible SL(3, R) action). 
Recall we assume that (lb,, Y 3 \$ k ) ( O , G ). We have established there 

is an Xj so that pj(Ylj,Xj ) —* ( 0,x ). Now consider another sequence 
crj(Ylj, Tjk) —> ( 0,H ). Consider the points x a ,x b ,x c ,x d in general 
position in O C MP 2 . Then, as above (recalling that x a ,x b , x c ,x d and 
their convex hull are uniformly contained in the thick part of 
for large j), {<7jX p } remains in general position, and there are still 
uniformly large ellipses D a , Db, D c , Dd, D 2 , D 3 as above (this follows 
from a transversality argument based on the Inverse Function Theorem 
analysis above). The existence of these bounding ellipses shows that 
the (Jj(x p ) remain uniformly in general position in RP 2 , and that the 
family Oj lies in a compact subset of SL(3,R). Thus there is a limit 
aj —* a (upon taking a subsequence). 

For i = 1 ,... ,m, let if = ayVW These 77 * generate H. Similarly, 
define rf = aj^crf 1 G VjiF 3 \s k )&J l ■ Then for large j, if generate 
MU s k )&j 1 and liirq^oo rf- = rf. This implies H = aGa 1 . Moreover, 
since O has already been fixed, a G SL(3, R) is a projective automor¬ 
phism of O. Therefore, the two limits ( O, G) and ( O, H) are equivalent 
up to the action of SL(3,R). More precisely, for all subsequences of 
(flj, Tjk), there is a further subsequence and an element a G SL(3, R) 
so that (O, G) = cr(0,H). But then these two objects are the same 
modulo the action of SL(3, R). □ 

Now we complete the proof of Theorem [0 Consider a convergent 
sequence of regular convex RP 2 structures ©j(fL,-, Tj) —> ©k^m, G m ), 
and their corresponding sequence (E^, Uj) = < h _ 1 [©j(k', Fj)] of noded 
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Riemann surfaces and regular cubic differentials. Then there is a con¬ 
vergent subsequence (E^, U 3t ) —> (S^lToo). Moreover, TjJ —>• 

©m(Om,G m ), and the regular convex RP 2 structure corresponding to 
(Eoo, Uoo) is $(E 00 , Uoo) = But then Proposition [20] 

shows that every subsequence of (E j, Uj) has a subsequence which con¬ 
verges to the same limit. Recall is first countable. This is enough 
to show that (E j,Uj) — > (E 0 0 ,Uoo). Therefore, $ _1 is continuous, and 
Theorem [j] is proved. 
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